
Parameter Estimation and 
Uncertainty Quantification in 

the Presence of Numerical Error
John Nardini

NCSU Tutorial Workshop on Parameter Estimation for Biological Models

July 29, 2019



Typical Inverse Problem
Consider:

Experimental data, ! = # $% %&'
( , and

Mathematical Model: )($; ,)



Typical Inverse Problem (cont.)
The ordinary least squares (OLS) cost function Summarizes how well !
parameterizes " to fit #
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Typical Inverse Problem (cont.)
So we o&en parameterize !(#; %) by:

'% = arg min%∈0 1(2)



Typical Inverse Problem (cont.)
Theorem:
If !" = $ %"; '( + *" and *"~, 0, /0 , 1 = 1,… ,4

then:
5'~, '(, /0678 , 6 = ∇$ %; '( :∇$(%; '()

Asymptotically as 4 → ∞

But do we really know what $ %"; ' is? 



Numerical analysis for ODE Models

We often numerically solve ODE models of the form

!"
!# = % ", #; ( " #) = ").

We call a numerical solution, +(#; Δ#, (), “order p accurate” if

" #; ( − + #; Δ#, ( 0 ≈ 2Δ#3

Example: For MATLAB’s ode45 function, 4 = 4



Revisi&ng the Inverse Problem Theory

Corollary: If U "#; ∆", ' is p order accurate, then
('(∆")~, '-, ./0∆123 ,

Asymptotically as 4 → ∞, ∆" → 0. The  entries of 0∆123 are order p 
accurate for the entries of 023.

Theorem:
If 9# = ; "#; '- + =# and =#~, 0, ./ , > = 1,… ,4, then

('~, '-, ./023 , 0 = ∇; "; '- B∇;("; '-)
asymptotically as 4 → ∞.



Behavior of the Cost Function
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Final Behavior of the Cost Function
As ∆" → 0, if %("; ∆", )) is order p accurate,

+ ), ∆" ≈ - 1 + - ∆"0 + - ∆"10 + - ∆"0
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Do I really care?

Usually …. No. But there are some cases where numerical 
error matters!

Example:	Advection	Equations

56 + ∇ 9 :5 = 0
: = :(>)



Numerical Simulations for Advection 
Equations

The Upwind Method is order ½ 
accurate when !(#, %; ') is 
discon4nuous

It adds numerical diffusion



Numerical Simulations for Advection 
Equations

The Lax-Wendroff Method is order 
2/3 accurate when !(#, %; ') is 
discontinuous

It adds numerical dispersion



Numerical Simulations for Advection 
Equations

The Beam-Warming Method is 
order 2/3 accurate when !(#, %; ')
is discontinuous

It adds numerical dispersion



Parameter Estimation in the presence of 
numerical Error

Order of
!"(∆%)

Recall: If U %(; ∆%, + is p order accurate, then
,+(∆%)~. +/, 012∆345 ,

Asymptotically as 6 → ∞, ∆% → 0. The  entries of 2∆345 are order p 
accurate for the entries of 245.



Parameter Es*ma*on in the presence of 
numerical Error

Order of
!"(∆%)



Cost function Behavior in the Presence of 
numerical Error

Order of
!"(∆%)

As ∆% → 0, if )(%; ∆%, ,) is order p accurate,

- ,, ∆% ≈ / 1 + / ∆%2 + / ∆%32 + / ∆%2



Cost function Behavior in the Presence of 
numerical Error

Order of
!"(∆%)



Conclusions

• Numerical Error can also impact inverse problems
• Theory regarding the behavior of the OLS es<mator and cost func<on

in the presence of numerical error
• Relevant to hyperbolic advec<on equa<ons
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