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Parameter Estimation and UQ

• What question is the model addressing and what data 
are available

• Uncertainty in
– Model assumptions
– Model parameters



• Heart transplant patients are followed for up to a year with 
periodic right heart catheterizations (RHCs) to identify post-
transplant complications and guide treatment

• The repeated right heart catheterization (RHC) measurements 
of ventricular and pulmonary arterial pressure are used to 
monitor post-transplant pulmonary hypertension, which if not 
resolved or increases in magnitude can lead to complications 
in post-transplant recovery 

Heart Transplant and 
Pulmonary Hypertension (PH)



• Rapidly branching network
• Low pressure, low resistance, high 

compliance

Pulmonary Arteries

Pulmonary Hypertension
Systemic Arteries



• Pulmonary hypertension 
associated with vascular 
remodeling

• Tissue remodeling (wall 
thickness and stiffness)

• Morphological remodeling 
(changes in geometry and 
topology)

– Larger vessels dilate

– Smaller vessel constrict

Pulmonary Hypertension

Hypertensive 
(hypoxia)

Control
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Taken From: http://hcp.cteph.com/diagnosis/right-heart-catheterization
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Non-invasive blood flow measurements from
Magnetic Resonance Imaging (MRI)

Blood Flow Data
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Non-invasive domain measurements from computed tomography (CT) 

Network Data

Image
segmentation

Directed graph



Image segmentation:
𝜃"# = {Threshold, Smoothing}

Fluid dynamics:

𝜃67 = 𝜌, 𝜈, 𝛿,
𝐸ℎ
𝑟>

Boundary conditions:
𝜃 = 𝛼, 𝛽, 𝑞"B(𝑡)

𝜃 = 𝑅G, 𝑅H, 𝐶, 𝑞"B(𝑡)

Model Parameters



• Separate image foreground 
from background

• Thresholding: Defines the 
intensity range for voxels 
included in the foreground

Image Segmentation

segmentation

distance map

skeletoni-
zation

raw 
graph

connected 
graph w/radii

µCT images

manual
/auto 
editing



Keep selected island

Cut/paint/smoothing

segmentation

distance map

skeletoni-
zation/

raw 
graph

connected 
graph w/radii

µCT images manual
/auto 
editing



DiDirected graph
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Occurs when a branch from a 
later generation bends upward 
and gets close to a previous 
generation. A branch falsely 
connects the close branch to the 
previous generation

Small false branch 
connected nearly 
perpendicular to main 
branch

Small false 
branches at root 
vessel connected 
in a “v” shape

Generating directed graphs
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Generating directed graphs



Wall model/state equation

𝑝 𝑥, 𝑡 − 𝑝> =
𝑬𝒉
𝒓𝟎

𝐴
𝑨𝟎

− 1 , 𝑨𝟎 = 𝝅𝒓𝟎𝟐

Continuity equation

Axial momentum equation
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1D Fluid Dynamics Model



Junction Conditions
𝑞e = 𝑞7f + 𝑞7g

𝑝e h,i = 𝑝7f 0, 𝑡 = 𝑝7g(0, 𝑡)parent (𝑝)

daughter 
(𝑑G)

daughter 
(𝑑H)

𝑑𝑝
𝑑𝑡 − 𝑅e

𝑑𝑞
𝑑𝑡 = 𝑞

𝑅e + 𝑅7
𝑅7𝐶j

−
𝑝

𝑅7𝐶j

𝑝 = \
>

j
𝑧 𝑥, 𝑡 − 𝜏 𝑞 𝑥, 𝑡 𝑑𝜏

𝑃 𝑥, 𝜔 = 𝑄 𝑥, 𝜔 𝑍(𝑥, 𝜔)

Outflow Boundary Condition

𝑅e
𝐶 𝑅7

Boundary Conditions

0 500 1000 1500 2000 2500 3000 3500 4000

0

100

200

300

400

500

𝑞(𝑥, 𝑡)



Boundary Conditions
Structured tree 
outflow boundary condition

Windkessel
outflow boundary condition

𝑅e 𝑅7

𝐶

𝛼 𝛽

𝛼H 𝛼𝛽
𝛽H

Parameters:
𝜃 = {Re, 𝑅7, 𝐶}

Parameters:
𝜃 = {𝛼, 𝛽}
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BCs parameter correlations

𝑘G 𝑘H 𝑘r

𝑅eG 𝑅eH 𝑅7G

𝑅7H 𝐶jG 𝐶jH

𝐸ℎ/𝑟> = 𝒌𝟏𝑒𝒌𝟐wx + 𝒌𝟑
Unidentifiable

Distribution close to uniform

Identifiable



𝑅7,G
𝑅e,G

𝐶j,G
𝑅7,H

𝑅e,H
𝐶j,H

𝐸ℎ/𝑟> ≈ 𝑘G𝑒{gwx + 𝑘r

Profile Likelihoods



• Total variation: Sampled 25 networks from the same CT 
image varying segmentation threshold and smoothness. 
Computed MPA flow and pressure in each network

• Parameter variation: Extracted radius and length from 
32 vessels of different caliber used Gaussian processes 
to get parameter distributions and MCMC to predict 
uncertainty of flow and pressure

• Connectivity and size variation: Cropped network, 
iteratively removing junction with smallest vessels. 
Recalculated BCs and computed flow and pressure

UQ: Segmentation



Uncertainty to segmentation (GP)
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Uncertainty to segmentation
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UQ: Hemodynamic parameters

Hemodynamic & 
Image Data

Nominal 
Parameters

Global analysis

(Variance based & 
screening methods)

Local analysis

(analytical, FD or AD 
methods)

Sensitivity Analysis Identifiability & Correlation 
Analysis

Structural 
Correlation 

analysis

MCMC pairwise 
analysis

Parameter Inference
Forward UQ 

(model predictions)

Frequentist approach

(Confidence & prediction 
intervals)

Bayesian analysis

(Credible & prediction 
intervals)

Frequentist approach

(Point estimates & 
confidence intervals )

Bayesian analysis

(Posterior Distributions)

Inverse UQ 
(model parameters)

Subset 
selection

Single simulation
Iterative process

Numerical 
simulations

Frequentist 
optimization

(SQP) 

Bayesian inference

(MCMC methods)

Error 
estimate



UQ: Windkessel BCs

• Windkessel parameters are correlated
• Introduce scaling factors (𝑟e, 𝑟7, 𝑐)
• 𝑅e" = 𝑟e𝑅e", 𝑅7" = 𝑟7𝑅7", 𝐶 = 𝑐𝐶"

• Reduced parameter set:

𝜃 = 𝑟e, 𝑟7, 𝑐,
}~
wx



Uncertainty to BCs

𝑟7
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Global Sensitivity Analysis
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DRAM: Delayed Rejection 
Adaptive Metropolis



𝑟7

𝑟e

𝑐
𝑟7

𝑟e
𝑐

𝐸ℎ/𝑟> ≈ 𝑘G𝑒{gwx + 𝑘r

Profile Likelihoods
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Uncertainty to BCs
Residual

Least squares cost: 
𝐽 = 𝑟j𝑟

𝑟 =
1
𝑁

𝑥# 𝑡G − 𝑥7(𝑡G)
𝑥7 𝑡G

,
𝑥# 𝑡H − 𝑥7(𝑡H)

𝑥7(𝑡H)
, …

No Error Correlation
(assuming 𝑟 is i.i.d.)

With Error Correlation
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Radius relation 𝑟e�
�
= 𝑟7f

�
+ 𝑟7g

�

Area ratio 𝜂 =
w�f

g
� w�g

g

w��
g

Asymmetry ratio 𝛾 = 𝑟7g/𝑟7f
H

Parameters relation 𝜂 =
1 + 𝛾

(1 + 𝛾�/H)H/�

Length to radius ratio 𝑙ww = 𝐿/𝑟

Structured-tree BCs

𝛼 = 1 + 𝛾�/H
�G/�

𝛽 = 𝛼 𝛾
Olufsen et al., 2000, Annals Biomed Eng
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Zones within the Lung



Whole tree

𝛼 𝛽
Control 0.87±0.13 0.69±0.12

Hypertensive 0.86±0.15 0.69±0.13

All lobes 
(excluding principal pathway)

𝛼 𝛽
Control 0.87±0.13 0.69±0.12

Hypertensive 0.86±0.15 0.69±0.13

• Data supports literature values (for humans) 𝛼 = 0.9 and 𝛽 = 0.6
• Excluding principal pathway does not change fractal dimensions
• 𝛼 and 𝛽 do not differ between control and hypertensive networks

Results



𝛼 (CTL) 𝛽 (CTL)
𝑦 = 0.00081𝑥 + 0.76 𝑦 = −0.00069𝑥 + 0.77
𝛼 (HPH) 𝛽 (HPH)
𝑦 = 0.00082𝑥 + 0.77 𝑦 = −0.00067𝑥 + 0.75



𝐿ww (CTL) 
𝑦 = 12.53exp(−0.2938𝑥)
𝐿ww (HPH)
𝑦 = 9.898exp(−0.2696𝑥)



In hypertension, larger vessels dilate and smaller vessels constrict

Vessel radii



• Data supports previously 
computed 𝛼 and 𝛽 values 
for humans

• 𝛼 and 𝛽 do not differ 
(overall) in control and 
hypertensive networks

• Hypertension causes 
angiogenesis

• In hypertensive networks, 
larger vessels dilate and 
smaller vessels constrict

Hypothesis

Hypertensive 
(hypoxia)

Control



Vascular Remodeling



Strain-free reference (undeformed) configuration

Assumed deformation

Axial stretch (const)

Twist angle (const)

Opening angle

State of Deformation – Elastic Tube

Current (deformed) configuration



Media

Adventitia

Pressure-area relation

Media-adventitia interface (current  configuration)

Pressure-Area Relation – 2 Layers
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Opening Angle
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