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Aims of this Lecture

1. Model fitting using least squares

2. Quantification of uncertainty in parameter estimates: asymptotic statistical 
theory

3. Sensitivity analysis (local linear analysis) 



Introduction
SIR model: Mathematical model for the spread of an infection through a population 
by person-to-person contact

This mathematical model describes the time evolution of the state variables 
S, I and R, using a set of differential equations, whose terms describe the rates at 
which various biological processes (infection and recovery) happen

Parameters: constants that appear in the functions describing these rates 
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of transmission within families, or other transmission experiments. Such data,
however, are often unavailable during the early stages of a disease outbreak.

An alternative approach involves fitting a mathematical model to outbreak data,
obtaining estimates for the parameters of the model, allowing R0 to be calculated.
The simplest model that can be used for this purpose is the standard deterministic
compartmental SIR model [see, for example, 11]. Individuals are assumed to either
be susceptible, infectious or removed, with the numbers of each being written as
S, I , and R, respectively. Susceptible individuals acquire infection through con-
tacts with infectious individuals, and the simplest form of the model assumes that
new infections arise at rate βSI/N . Here N is the population size and β is the
transmission parameter, which is given by the product of the contact rate and the
transmission probability. Recovery of infectives is assumed to occur at a constant
rate γ , corresponding to an average duration of infection of 1/γ , and leads to per-
manent immunity. Throughout this chapter we shall denote the average duration of
infectiousness by DI and assume permanent immunity following infection. We shall
also ignore demographic processes (births and deaths), which is a good approxi-
mation if the disease outbreak is short-lived and the infection is non-fatal. Ignoring
demography leads to the population size N being constant. The model can be written
as the following set of differential equations

dS/dt = −βSI/N (1)

dI/dt = βSI/N − γ I (2)

dR/dt = γ I. (3)

During the early stages of an outbreak with a novel pathogen, almost the entire
population will be susceptible, and, since S ≈ N , the transmission rate equals
β I . The transmission parameter β is the rate at which each infective gives rise
to secondary infections and so the basic reproductive number can be written as
R0 = βDI = β/γ . During this initial period, the changing prevalence of infec-
tion can, to a very good approximation, be described by the single linear equation
d I/dt = γ (R0 − 1)I. (We remark that the S = N assumption corresponds to
linearizing the model about its infection free equilibrium.) In other words, provided
that R0 is greater than one, which we shall assume to be the case throughout this
chapter, prevalence initially increases exponentially with growth rate

r = γ (R0 − 1). (4)

The incidence of infection is given by βSI/N and so, during the early stages of
an outbreak, prevalence and incidence are proportional in the SIR setting, so this
equation also describes the rate at which incidence grows.

Equation (4) provides a relationship, R0 = 1 + r DI, between R0 and quan-
tities that can typically be measured (the initial growth rate of the epidemic and
the average duration of infection), and as a result has provided one of the most
straightforward ways to estimate R0.

y0 1

Figure 6: Direction field for the SI model. The arrows show the direction in which y moves: y will
increase if it lies between 0 and 1.

6 Describing Recovery from Infection and Disease Outbreaks: The

SIR Model in a Closed Population

Typically, people do not remain infectious: they recover or die. We can model this by including a
‘removed’ class in the model, leading to an SIR model.

IS R
infection recovery

Figure 7: Flowchart showing movement between classes in the SIR model.

We have to describe the I to R transition in some way. The simplest assumption takes the recovery
(removal) term to be proportional to the number of infective individuals:

Ṡ = ��SI/N (15)

İ = �SI/N � �I (16)

Ṙ = �I. (17)

Again, we consider a closed population, so S + I + R = N . We usually consider the initial number
of susceptibles to be close to N .

This model is often called the Kermack and McKendrick model as it appeared in their 1927 paper.
It is also called the general epidemic model. (Although this SIR model is often called THE
Kermack and McKendrick model, it has been pointed out that the 1927 paper goes beyond this
model, discussing a more general framework that employs fewer assumptions.)

It’s worth pausing to think about the assumption made regarding the recovery term. Having a
constant recovery rate means that the distribution of infectious periods is exponential with mean
1/�. Biologically, this assumption corresponds to the chance of recovery being independent of
the time since infection. In most cases this is far from realistic, but it considerably simplifies the
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The “forward problem”

If we know the model equations, the values of the parameters and the initial 
values of the states, we can (numerically) solve the model forwards in time to find 
out how the state variables will evolve

Forward simulation of S and I, 
given b, g, N, S(0) and I(0) : 

Forward problem:
Parameters ® dynamical behavior
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Ṙ = �I. (17)

Again, we consider a closed population, so S + I + R = N . We usually consider the initial number
of susceptibles to be close to N .

This model is often called the Kermack and McKendrick model as it appeared in their 1927 paper.
It is also called the general epidemic model. (Although this SIR model is often called THE
Kermack and McKendrick model, it has been pointed out that the 1927 paper goes beyond this
model, discussing a more general framework that employs fewer assumptions.)

It’s worth pausing to think about the assumption made regarding the recovery term. Having a
constant recovery rate means that the distribution of infectious periods is exponential with mean
1/�. Biologically, this assumption corresponds to the chance of recovery being independent of
the time since infection. In most cases this is far from realistic, but it considerably simplifies the

16



The “inverse problem” (parameter estimation)

In many cases, we don’t know the values of the parameters, but we have 
observations of the system (e.g. time series data)

Can we figure out parameter values that would make the model exhibit behavior
that is consistent with observed data?

Inverse problem: dynamical behavior ® parameters
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EPIDEMIOLOGY

Influenza in a boarding school
Thefollowing notes are compiled by the Communi-
cable Disease Surveillance Centre (Public Health
Laboratory Service) and the Communicable
Diseases (Scotland) Unit from reports submitted
by microbiological laboratories, community
physicians, and environmental health officers.

During January an epidemic of influenza
occurred in a boarding school in the north of
England. A total of 763 boys between the ages
of 10 and 18 were at risk, all except 30 being
full boarders; the staff were from the surround-
ing villages. There were 113 boys between the
ages of 10 and 13 in the junior house, while
the rest were divided into 10 houses of about
60 boys each.
The Easter term began on 10 January, with

boys returning from all over Britain and some
from Europe and the Far East. One boy from
Hong Kong had a transient febrile illness
from 15 to 18 January. On Sunday 22 January
three boys were in the college infirmary. The
graph shows the daily total number confined
to bed or convalescent during the epidemic:
512 boys (67° 0) spent between three and seven
days away from class, and 83 of the boys in
the junior house were affected. Of about 130
adults who had some contact with the boys,
only one, a house matron, developed similar
symptoms.
Most of the boys who became ill first com-

plained of feeling very tired, with headache as
fever developed, and sore throat and tracheitis
being the rule. The temperature was usually
100--102'F (38° -39-C) and often higher in the
morning. Three boys with no other abnormal
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- Confined to bed sounds in his right lung. He was given
.-0----o Convalescent ampicillin and by next morning his tempera-

ture was 99° F (37° C) and his chest clear. Five
days later he went home to convalesce. Four
boys developed wheezy bronchitis. Two
received ampicillin and two tetracycline. All
recovered quickly and were back at work in
seven to eight days. Four boys with otitis

| media, with bulging red ear drums, responded
to ampicillin within 48 hours and none had
any aural discharge. One boy had sinusitis,
which again responded to ampicillin. He was
in bed for seven days and off work for ten days.
In all, only 10 of the 512 boys who became ill
received antibiotics.

Throat swabs were taken from eight boys,
and influenza A viruses similar to A/USSR/90/

01. 0 77 (HlN1) were isolated from six. The spread
'26 ' 28' - l '3 - of this virus through the school was much

Februo3ry more rapid than in the outbreaks due to in-
fluenza B in November 1954 and to influenza A

atures of 1050-106° F (40° - (Asian flu) H2N2 in October 1957. These two
d mild reddening of the epidemics reached their peak in two weeks and
the fauces, but the throat lasted four weeks. This year's epidemic
nflamed as symptoms sug- reached a peak in seven days and was over in
e boys were there abnormal 13 days. Influenza vaccine (Fluvirin) had been
amination. Symptoms sub- given to 630 boys in October 1977-as had
the boys were confined to been the practice for some years. The inci-

allowed up 36 hours after dence of influenza among the boys had been
had returned to normal and low except in those years in which a definite
to four days later, depending antigenic shift occurred. The fact that this is
the attack. The average time the first major outbreak of influenza at the
six days. school since the Asian flu suggests that in-
was readmitted after two fluenza vaccination has a useful role in a board-

e bacterial pneumonia, with ing school. Had it been possible to include the
104° F (40° C), pulse rate of HlNl strain in the vaccine a major outbreak
n rate of 22/min, and moist might well have been avoided.

PARLIAMENT

Abortion (Amendment) Bill
Sir Bernard Braine introduced a Bill on

21 February "to make further provision with
respect to the protection of the life of a viable
fetus; to amend section 4 of the Abortion Act
1967; to regulate the provision of payment for
consultation and advice in relation to the
termination of pregnancy; and to make pro-
vision with respect to bodies corporate." He
emphasised that the Bill was limited solely to
three important matters of principle and would
not interfere "in any way with the criteria for
lawful abortion laid down in the 1967 Act."
The first change he wanted was to reduce the
upper limit for an abortion from 28 to 20
weeks. The BMA, the Peel Advisory Group,
Sir Stanley Clayton (when president of the
RCOG), and a poll among gynaecologists had
all favoured a 20-week limit or less.
The Bill's second purpose was to strengthen

and clarify the provision in section 4 of the
1967 Act regarding conscientious objection to
taking part in an abortion by giving statutory
clarification of the grounds on which objec-
tion could be based. The third change would
require all pregnancy advisory bureaux which
charged fees to be licensed by the Secretary of
State, as proposed by the Lane Committee.

A condition of licensing would be that the
bureaux should have no financial connection
with abortion clinics. Sir Bernard admitted
that without the Government's help the Bill
was unlikely to make progress.

Opposition to Bill

Sir George Sinclair opposed the Bill be-
cause, he said, "it would pave the way for a
Bill to restrict the operation of the 1967 Act,
and because it is in the teeth of the medical
profession." It was only in the most excep-
tional cases that abortion after 20 weeks was
sanctioned. Furthermore, "until, in certain
areas, the restrictions under the NHS are
removed, and with them the risk of delay, it
would, in my view, be too soon to change the
existing time limit." But, most importantly,
to disrupt the services of the British Pregnancy
Advisory Service and the Pregnancy Advisory
Service in London, which the Bill sought to
do, would "once again drive women ... to back
street abortions." Half of all abortions were
still carried out in the private sector. The
BMA, Sir George said, had voted against any
amendment to the 1967 Act at its 1977 ARM.
"I hope," he concluded, "that in view of the
medical opinion and the need of women in
distress, the motion will be given very little
support."
The Bill was given a first reading by 181

votes to 175.

Medical Bill
The Medical Bill was considered by a

second reading committee in the House of
Commons on 22 February. The Minister of
State, Mr Roland Moyle, explained the Bill
clause by clause and told the committee of the
amendments which had been made in the
House of Lords (4 February, p 311). "The
Bill," he said, "is no longer a short first-stage
measure. It is considerably longer than it was
on its original introduction. The reason is that
a consensus on the additional provisions has
developed more rapidly than at one time was
thought possible, and we want to meet that
consensus in full. I hope that, during its
passage through the House, the Government
and the committee will be able to make the
Bill even more comprehensive." The only
outstanding issue, which had been covered in
the Merrison Report, was the question of
specialist registration.
During the debate in the committee the size

and cost of the new council were raised. Mr
Moyle pointed out that the figure of 98 did not
appear anywhere in the Bill, though he con-
ceded that the council would be considerably
enlarged. On the question of cost, he said
"there has been no decision in principle about
how the future costs of the new General
Medical Council are to be met."
The committee recommended that the Bill

should be read a second time and the House
gave the Bill a second reading on 23 February.



Least-Squares Fitting

One approach to find unknown parameter values: fit a model to time series data

“trajectory matching”: find parameter values for which the model provides the 

best fit to a data set

What do we mean by “best fit”?

Least squares criterion:    (ordinary least squares)

Minimize sum of squared differences between model predictions and observed data
- “sum of squared errors” 

− hopefully familiar from simple linear regression

Here, q is the vector of parameters

F(θ ) = ymodel predicted ti;θ( )− yobserved ti( )( )
2

i=1

n

∑



Least-Squares Fitting
Least squares criterion: minimize sum of squared differences between model predictions and 
observed data (sum of squared errors)

[Why do we use sum of squares? 1. Cannot simply add errors (cancelation of + and - errors) 
2. Sum of squared errors is better behaved than summed absolute errors.]

Dots: data points (observations)

Red crosses: model predictions 
(for some value of the parameter 
vector)

Green lines indicate (model-data): 
called “errors” or “residuals”
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Least-Squares Fitting

Minimization problem

1. Cannot solve this analytically in general (linear regression is an exception), 
so will probably need to do optimization numerically

Process can be non-trivial, e.g. if the function F(q) has multiple local minima

2. If our model is an ODE, we probably don’t have a formula for the model’s 
output, so will have to numerically solve the ODE to make predictions 

If the initial condition of our ODE is unknown/uncertain, we can include      
it it in the list of quantities to be estimated

3. Estimates depend on the data: would get a different estimate if data was 
different

Mathematically: the best-fitting parameter vector is a random variable, 
and its estimation is a statistical process

What are the uncertainties in the estimates we obtain?
“standard errors” for parameter estimates?

θ̂ = argmin
θ  feasible{ }

ymodel predicted ti;θ( )− yobserved ti( )( )
2
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More Generally... State Space Notation

Model:                                    , where x and f are m dimensional vectors,
and q is a p dimensional vector of parameters

Observation function (maps model to observable quantity):

Ordinary least squares parameter estimate is

θ̂ = argmin
θ  feasible{ }

ymodel predicted ti;θ( )− yobserved ti( )( )
2

i=1

n
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dx

dt
= f(x, t; ✓)

y(t) = h(x, t; ✓)



Uncertainty Estimates: Intuition

Nonlinear regression theory can be used to provide uncertainty estimates

Intuition: consider two graphs of error sum of squares, based on two different 
models

Which gives us more certainty in the parameter estimate?
For 2 there is a larger range of parameter values that gives a reasonable fit
In some sense, there is less information about the true value of the parameter

Intuition: the curvature (2nd derivative) of the SS function at its minimum is an 
inverse measure of the information

Small second derivative: less information/more uncertainty in value
Idea is formalized in the notion of Fisher information matrix (coming soon)
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Uncertainty Estimates: Intuition

A couple of comments:

1. By the chain rule, derivatives of the sum of squares function 

with respect to the parameters will involve derivatives of model predictions 
with respect to the parameters (we call these sensitivities)

It will be difficult to estimate insensitive parameters 

2. Model 2 appears to be a better fit (smaller value for error sum of squares)
Is there a meaningful notion of how improved the fit is?  
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Uncertainty Estimates

We need a statistical model for our observations
describes the origin of the “errors” in the data

Simplest statistical model: observations are the values predicted by the model 
under the “true” parameter values plus observation error

ei are the observation errors

In the simplest setting, we assume errors are independent, identically distributed 
and have constant variance, s2

note: following theory is exact if errors are normal, but we don’t need to 
assume errors are normal if we appeal to large sample size theory

(asymptotic theory)

can also view the following as providing a bound on uncertainty
(see Marisa’s talk)

yobserved ti( ) = ymodel predicted ti;θ
true( )+ ei



Uncertainty Estimates

We ask the question: 
Suppose we could watch the system evolve over time on multiple occasions, 

giving us a collection of data sets [because we have different realizations of the 
noise process], and estimated the parameter values for each of those data sets... 
How much variation would we see in the parameter estimates?

Could characterize this variation by the variance in the values of the estimates

Could also examine the correlation between estimates of different parameters, 
captured by the covariance between their values 

All this information is summarized in the covariance (variance/covariance) matrix, S

For SIR example: ⌃ =

✓
Var(�̂) cov(�̂, �̂)
cov(�̂, �̂) Var(�̂)

◆



Uncertainty Estimates for Parameters
Asymptotic (large sample size) theory says that the parameter estimator (a 
random variable) has a multivariate normal distribution, centered on the true 
parameter vector and with variance-covariance matrix

Here c is the n x p matrix of sensitivities, with entries
(discuss calculation of sensitivities soon!)

Problem: we don’t know q0 or s2 (true values), so we make use of our estimates

⌃ = �2
�
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Uncertainty Estimates for Parameters

Asymptotic (large sample size) theory says that the parameter variance-covariance 
matrix for the estimated parameters is

Here,        is our least squares estimate of the parameters 
is (minimized value of error sum of squares) / (n – p)

n data points (13 for our SIR example), p estimated parameters (2 for SIR)

is the n x p matrix of sensitivities, with entries 

⌃ = �̂2
⇣
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T
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Uncertainty Estimates for Parameters

Standard errors (SE: standard deviations for the estimated parameters) can be 

calculated by taking square root of appropriate entry on diagonal entry of S

Notice that estimates of different parameters will typically be correlated

Calculate correlation between parameter estimates using ⇢ =
cov(✓̂i, ✓̂j)

SE(✓̂i) SE(✓̂j)
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Sensitivities

(Local) Sensitivity: partial derivative of some quantity of interest with respect to a 
parameter

In our setting, we will want to calculate sensitivities of the state variables with 
respect to parameters... 

... e.g. if  y(t) = I(t), we would need to calculate                  and  

Remember: derivatives relate change in input to change in output:

Sensitivities say how solution curve changes in response to a change in parameter

@I

@�
(t)

@I

@�
(t)
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for the derivative
dy

dx
, we have �y ⇡ dy

dx
�x
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�y(t) ⇡ @y

@A
(t)�A
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Sensitivities

In our setting, we want to calculate sensitivities of the state variables with respect 
to parameters: 

partial derivatives of state variables with respect to parameters
e.g.                or

Example: 

@I

@�
(t)

dy

dr
(t)
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Sensitivities

In our setting, we want to calculate sensitivities of the state variables with respect 
to parameters: 

partial derivatives of state variables with respect to parameters
e.g.                or

Example: 

Sensitivity: 
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<latexit sha1_base64="DyN5DoKckFcl3cMkA8evKddqOpc=">AAAB+3icbVDLTgJBEOzFF+IL8ehlIjGBC9lFEr0YMV48YiKPBAiZHQaYMPvITK9xQ/gVLx40xqs/4s2/8BMcFg4KVtJJpao73V1uKIVG2/6yUmvrG5tb6e3Mzu7e/kH2MNfQQaQYr7NABqrlUs2l8HkdBUreChWnnit50x3fzPzmA1daBP49xiHvenToi4FgFI3Uy+biAhYvrzss0IVyJxQEi71s3i7ZCcgqcRYkf/UNCWq97GenH7DI4z4ySbVuO3aI3QlVKJjk00wn0jykbEyHvG2oTz2uu5Pk9ik5NUqfDAJlykeSqL8nJtTTOvZc0+lRHOllbyb+57UjHFx0J8IPI+Q+my8aRJJgQGZBkL5QnKGMDaFMCXMrYSOqKEMTV8aE4Cy/vEoa5ZJzVrLvKvlqZZ4GpOEYTqAADpxDFW6hBnVg8AhP8AKv1tR6tt6s93lrylrMHMEfWB8/ebaUKw==</latexit>

@y

@A
(t) = cos(2⇡t)

<latexit sha1_base64="kPSnzDtC6vvyTyJTaGP3squvq6M=">AAACFnicbZDJSgNBEIZr4hbjFvXopTEIycEwo4JexIgXjxFMImRC6On0JE16FrprhDDkKbz4Kl48KOJVvPkWPoKdBVziDw0ff1VRXb8XS6HRtj+szNz8wuJSdjm3srq2vpHf3KrrKFGM11gkI3XjUc2lCHkNBUp+EytOA0/yhte/GNUbt1xpEYXXOIh5K6DdUPiCUTRWO7/v+oqy1I2pQkElGQy/+XxYxNKpyyJdPHBjQbDUzhfssj0WmQVnCoWzTxir2s6/u52IJQEPkUmqddOxY2ylowVM8mHOTTSPKevTLm8aDGnAdSsdnzUke8bpED9S5oVIxu7PiZQGWg8Cz3QGFHv6b21k/ldrJuiftFIRxgnykE0W+YkkGJFRRqQjFGcoBwYoU8L8lbAeNTmhSTJnQnD+njwL9YOyc1i2r44KlaNJGpCFHdiFIjhwDBW4hCrUgMEdPMATPFv31qP1Yr1OWjPWdGYbfsl6+wL5SJ/z</latexit>

@y

@A
(t) = cos(2⇡t)

<latexit sha1_base64="kPSnzDtC6vvyTyJTaGP3squvq6M=">AAACFnicbZDJSgNBEIZr4hbjFvXopTEIycEwo4JexIgXjxFMImRC6On0JE16FrprhDDkKbz4Kl48KOJVvPkWPoKdBVziDw0ff1VRXb8XS6HRtj+szNz8wuJSdjm3srq2vpHf3KrrKFGM11gkI3XjUc2lCHkNBUp+EytOA0/yhte/GNUbt1xpEYXXOIh5K6DdUPiCUTRWO7/v+oqy1I2pQkElGQy/+XxYxNKpyyJdPHBjQbDUzhfssj0WmQVnCoWzTxir2s6/u52IJQEPkUmqddOxY2ylowVM8mHOTTSPKevTLm8aDGnAdSsdnzUke8bpED9S5oVIxu7PiZQGWg8Cz3QGFHv6b21k/ldrJuiftFIRxgnykE0W+YkkGJFRRqQjFGcoBwYoU8L8lbAeNTmhSTJnQnD+njwL9YOyc1i2r44KlaNJGpCFHdiFIjhwDBW4hCrUgMEdPMATPFv31qP1Yr1OWjPWdGYbfsl6+wL5SJ/z</latexit>

y(t;A)
<latexit sha1_base64="+SVMdlUXLmoclTn46y9GfAXF4bE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAwoejHjxGME8IFnC7GQ2GTM7s8zMCkvIP3jxoIhX/8ebf+EnONnkoNGChqKqm+6uIOZMG9f9dHJLyyura/n1wsbm1vZOcXevqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMrqd+64EqzaS4M2lM/QgPBAsZwcZKzbRsLq6Oe8WSW3EzoL/Em5PS5RdkqPeKH92+JElEhSEca93x3Nj4Y6wMI5xOCt1E0xiTER7QjqUCR1T74+zaCTqySh+FUtkSBmXqz4kxjrROo8B2RtgM9aI3Ff/zOokJz/0xE3FiqCCzRWHCkZFo+jrqM0WJ4aklmChmb0VkiBUmxgZUsCF4iy//Jc2TindacW+rpVp1lgbk4QAOoQwenEENbqAODSBwD4/wDC+OdJ6cV+dt1ppz5jP78AvO+zcjjI+T</latexit>
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In our setting, we want to calculate sensitivities of the state variables with respect 
to parameters: 

partial derivatives of state variables with respect to parameters
e.g.                or

Example: 

Sensitivity:

Interpretation: how does y(t) change
if A is increased by a small amount?

Sensitivity gives sign and magnitude of change of y(t) (for any  t) as A is changed

Sensitivities

@I

@�
(t)

dy

dr
(t)

<latexit sha1_base64="fyq+Oo3VGQas56SkEjF65VtsEQo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBHqpiRa0J0FNy4r2Ae0oUwmk3boZBJmJoUS8iduXCji1j9x51/4CU7TLrT1wIXDOfdy7z1+wpnSjvNlra1vbG5tl3bKu3v7B4f20XFbxakktEViHsuujxXlTNCWZprTbiIpjnxOO/74buZ3JlQqFotHPU2oF+GhYCEjWBtpYNv9UGKSBdM8C2Re1RcDu+LUnAJolbgLUrn9hgLNgf3ZD2KSRlRowrFSPddJtJdhqRnhNC/3U0UTTMZ4SHuGChxR5WXF5Tk6N0qAwliaEhoV6u+JDEdKTSPfdEZYj9SyNxP/83qpDm+8jIkk1VSQ+aIw5UjHaBYDCpikRPOpIZhIZm5FZIRNFNqEVTYhuMsvr5L2Zc29qjkP9UqjPk8DSnAKZ1AFF66hAffQhBYQmMATvMCrlVnP1pv1Pm9dsxYzJ/AH1scPRgKUzg==</latexit>

y(t) = A cos(2⇡t)
<latexit sha1_base64="DyN5DoKckFcl3cMkA8evKddqOpc=">AAAB+3icbVDLTgJBEOzFF+IL8ehlIjGBC9lFEr0YMV48YiKPBAiZHQaYMPvITK9xQ/gVLx40xqs/4s2/8BMcFg4KVtJJpao73V1uKIVG2/6yUmvrG5tb6e3Mzu7e/kH2MNfQQaQYr7NABqrlUs2l8HkdBUreChWnnit50x3fzPzmA1daBP49xiHvenToi4FgFI3Uy+biAhYvrzss0IVyJxQEi71s3i7ZCcgqcRYkf/UNCWq97GenH7DI4z4ySbVuO3aI3QlVKJjk00wn0jykbEyHvG2oTz2uu5Pk9ik5NUqfDAJlykeSqL8nJtTTOvZc0+lRHOllbyb+57UjHFx0J8IPI+Q+my8aRJJgQGZBkL5QnKGMDaFMCXMrYSOqKEMTV8aE4Cy/vEoa5ZJzVrLvKvlqZZ4GpOEYTqAADpxDFW6hBnVg8AhP8AKv1tR6tt6s93lrylrMHMEfWB8/ebaUKw==</latexit>

@y

@A
(t) = cos(2⇡t)

<latexit sha1_base64="kPSnzDtC6vvyTyJTaGP3squvq6M=">AAACFnicbZDJSgNBEIZr4hbjFvXopTEIycEwo4JexIgXjxFMImRC6On0JE16FrprhDDkKbz4Kl48KOJVvPkWPoKdBVziDw0ff1VRXb8XS6HRtj+szNz8wuJSdjm3srq2vpHf3KrrKFGM11gkI3XjUc2lCHkNBUp+EytOA0/yhte/GNUbt1xpEYXXOIh5K6DdUPiCUTRWO7/v+oqy1I2pQkElGQy/+XxYxNKpyyJdPHBjQbDUzhfssj0WmQVnCoWzTxir2s6/u52IJQEPkUmqddOxY2ylowVM8mHOTTSPKevTLm8aDGnAdSsdnzUke8bpED9S5oVIxu7PiZQGWg8Cz3QGFHv6b21k/ldrJuiftFIRxgnykE0W+YkkGJFRRqQjFGcoBwYoU8L8lbAeNTmhSTJnQnD+njwL9YOyc1i2r44KlaNJGpCFHdiFIjhwDBW4hCrUgMEdPMATPFv31qP1Yr1OWjPWdGYbfsl6+wL5SJ/z</latexit>

�y(t) ⇡ @y

@A
(t)�A

<latexit sha1_base64="uPciKPOyF3+N5RAk322v3FiwfSk="></latexit>

@y

@A
(t) = cos(2⇡t)

<latexit sha1_base64="kPSnzDtC6vvyTyJTaGP3squvq6M=">AAACFnicbZDJSgNBEIZr4hbjFvXopTEIycEwo4JexIgXjxFMImRC6On0JE16FrprhDDkKbz4Kl48KOJVvPkWPoKdBVziDw0ff1VRXb8XS6HRtj+szNz8wuJSdjm3srq2vpHf3KrrKFGM11gkI3XjUc2lCHkNBUp+EytOA0/yhte/GNUbt1xpEYXXOIh5K6DdUPiCUTRWO7/v+oqy1I2pQkElGQy/+XxYxNKpyyJdPHBjQbDUzhfssj0WmQVnCoWzTxir2s6/u52IJQEPkUmqddOxY2ylowVM8mHOTTSPKevTLm8aDGnAdSsdnzUke8bpED9S5oVIxu7PiZQGWg8Cz3QGFHv6b21k/ldrJuiftFIRxgnykE0W+YkkGJFRRqQjFGcoBwYoU8L8lbAeNTmhSTJnQnD+njwL9YOyc1i2r44KlaNJGpCFHdiFIjhwDBW4hCrUgMEdPMATPFv31qP1Yr1OWjPWdGYbfsl6+wL5SJ/z</latexit>

y(t;A)
<latexit sha1_base64="+SVMdlUXLmoclTn46y9GfAXF4bE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXAwoejHjxGME8IFnC7GQ2GTM7s8zMCkvIP3jxoIhX/8ebf+EnONnkoNGChqKqm+6uIOZMG9f9dHJLyyura/n1wsbm1vZOcXevqWWiCG0QyaVqB1hTzgRtGGY4bceK4ijgtBWMrqd+64EqzaS4M2lM/QgPBAsZwcZKzbRsLq6Oe8WSW3EzoL/Em5PS5RdkqPeKH92+JElEhSEca93x3Nj4Y6wMI5xOCt1E0xiTER7QjqUCR1T74+zaCTqySh+FUtkSBmXqz4kxjrROo8B2RtgM9aI3Ff/zOokJz/0xE3FiqCCzRWHCkZFo+jrqM0WJ4aklmChmb0VkiBUmxgZUsCF4iy//Jc2TindacW+rpVp1lgbk4QAOoQwenEENbqAODSBwD4/wDC+OdJ6cV+dt1ppz5jP78AvO+zcjjI+T</latexit>

y(t;A+�A)
<latexit sha1_base64="4UnAMRtbPRXHC8jskRO1tku0gwg=">AAAB+HicdVDLSgNBEOz1GeMjUY9eBoOgCGF3XZKIByN68KhgEiEJYXYyMYOzD2Z6hRjyJV48KOLVT/HmX/gJziYKKlrQUFR1093lx1JotO03a2p6ZnZuPrOQXVxaXsnlV9fqOkoU4zUWyUhd+lRzKUJeQ4GSX8aK08CXvOFfH6d+44YrLaLwAgcxbwf0KhQ9wSgaqZPPDbbx4Gi3dcIlUnK008kX7OJ+peR6JWIXbbvsuE5K3LK35xHHKCkKh+8wxlkn/9rqRiwJeIhMUq2bjh1je0gVCib5KNtKNI8pu6ZXvGloSAOu28Px4SOyZZQu6UXKVIhkrH6fGNJA60Hgm86AYl//9lLxL6+ZYK/SHoowTpCHbLKol0iCEUlTIF2hOEM5MIQyJcythPWpogxNVlkTwten5H9Sd4vOXtE+9wpVb5IGZGADNmEbHChDFU7hDGrAIIE7eIBH69a6t56s50nrlPU5sw4/YL18AKrekzI=</latexit>



Sensitivities

(Local) Sensitivity: partial derivative of some quantity of interest with respect to a 
parameter

In our setting, we will want to calculate sensitivities of the state variables with 
respect to parameters... 

... e.g. if  y(t) = I(t), we would need to calculate                  and  

How do we calculate these? If we had a formula for I(t), this would be easy…
... but we don’t

Instead we have to use the sensitivity equations

@I

@�
(t)

@I

@�
(t)

<latexit sha1_base64="ZOuZdQHSM0xhww5FZR8OpeVM1Do=">AAACD3icbZDLSgMxFIbPeK31VnXpJlgU3ZQZKejOghvdVbBV6JRyJs3UYDIzJBmhDH0DN76KGxeKuHXrzrfwEcxMC15/CHz855wk5w8SwbVx3Xdnanpmdm6+tFBeXFpeWa2srbd1nCrKWjQWsboMUDPBI9Yy3Ah2mSiGMhDsIrg+zusXN0xpHkfnZpiwrsRBxENO0VirV9nxQ4U08xNUhqMgp6Mv9gcoJY52zV65V6m6NbcQ+QveBKpHH1Co2au8+f2YppJFhgrUuuO5ielm+c1UsFHZTzVLkF7jgHUsRiiZ7mbFPiOybZ0+CWNlT2RI4X6fyFBqPZSB7ZRorvTvWm7+V+ukJjzsZjxKUsMiOn4oTAUxMcnDIX2uGDViaAGp4vavhF6hDcjYCPMQvN8r/4X2fs1za95Zvdqoj9OAEmzCFuyCBwfQgBNoQgso3MI9PMKTc+c8OM/Oy7h1ypnMbMAPOa+fNJOdeQ==</latexit><latexit sha1_base64="ZOuZdQHSM0xhww5FZR8OpeVM1Do=">AAACD3icbZDLSgMxFIbPeK31VnXpJlgU3ZQZKejOghvdVbBV6JRyJs3UYDIzJBmhDH0DN76KGxeKuHXrzrfwEcxMC15/CHz855wk5w8SwbVx3Xdnanpmdm6+tFBeXFpeWa2srbd1nCrKWjQWsboMUDPBI9Yy3Ah2mSiGMhDsIrg+zusXN0xpHkfnZpiwrsRBxENO0VirV9nxQ4U08xNUhqMgp6Mv9gcoJY52zV65V6m6NbcQ+QveBKpHH1Co2au8+f2YppJFhgrUuuO5ielm+c1UsFHZTzVLkF7jgHUsRiiZ7mbFPiOybZ0+CWNlT2RI4X6fyFBqPZSB7ZRorvTvWm7+V+ukJjzsZjxKUsMiOn4oTAUxMcnDIX2uGDViaAGp4vavhF6hDcjYCPMQvN8r/4X2fs1za95Zvdqoj9OAEmzCFuyCBwfQgBNoQgso3MI9PMKTc+c8OM/Oy7h1ypnMbMAPOa+fNJOdeQ==</latexit><latexit sha1_base64="ZOuZdQHSM0xhww5FZR8OpeVM1Do=">AAACD3icbZDLSgMxFIbPeK31VnXpJlgU3ZQZKejOghvdVbBV6JRyJs3UYDIzJBmhDH0DN76KGxeKuHXrzrfwEcxMC15/CHz855wk5w8SwbVx3Xdnanpmdm6+tFBeXFpeWa2srbd1nCrKWjQWsboMUDPBI9Yy3Ah2mSiGMhDsIrg+zusXN0xpHkfnZpiwrsRBxENO0VirV9nxQ4U08xNUhqMgp6Mv9gcoJY52zV65V6m6NbcQ+QveBKpHH1Co2au8+f2YppJFhgrUuuO5ielm+c1UsFHZTzVLkF7jgHUsRiiZ7mbFPiOybZ0+CWNlT2RI4X6fyFBqPZSB7ZRorvTvWm7+V+ukJjzsZjxKUsMiOn4oTAUxMcnDIX2uGDViaAGp4vavhF6hDcjYCPMQvN8r/4X2fs1za95Zvdqoj9OAEmzCFuyCBwfQgBNoQgso3MI9PMKTc+c8OM/Oy7h1ypnMbMAPOa+fNJOdeQ==</latexit><latexit sha1_base64="feYzCSbqj61LrrcowietRi1DSP8=">AAAB5HicbVDLSgNBEOz1GddX9OplMAiewq4XPQpePEYwD0hCmJ3tTYbMzi4zvUJY8gMevIh49Zu8+TdOHqAmFjQUVd10d0W5kpaC4Mvb2Nza3tmt7Pn7B/7h0XH1pGWzwghsikxlphNxi0pqbJIkhZ3cIE8jhe1ofDfz209orMz0I01y7Kd8qGUiBScnNQbVWlAP5mDrJFySGiwxqH724kwUKWoSilvbDYOc+iU3JIXCqd8rLOZcjPkQu45qnqLtl/Mzp+zCKTFLMuNKE5urvydKnlo7SSPXmXIa2VVvJv7ndQtKbvql1HlBqMViUVIoRhmb/cxiaVCQmjjChZHuViZG3HBBLhnfZRCufrxOWlf1MKiHDz9hQAXO4BwuIYRruIV7aEATBMTwDK/eyHvx3rz3ReOGt5w4hT/wPr4BGDqLAg==</latexit><latexit sha1_base64="w+ad7x6uub+qLjszdoVdO1oZwlA=">AAACD3icbZC9TsMwFIVvyn/5KzCyWCBQWaqEBUYkFthAoqVSE1U3rtNatZPIdpCqKG/AwquwMIAQKysbb4PTVgIKR7L06dx7bd8TpoJr47qfTmVufmFxaXmlurq2vrFZ29pu6SRTlDVpIhLVDlEzwWPWNNwI1k4VQxkKdhsOz8v67R1TmifxjRmlLJDYj3nEKRprdWuHfqSQ5n6KynAU5LL4Zr+PUmJRN0fVbm3fbbhjkb/gTWEfprrq1j78XkIzyWJDBWrd8dzUBHl5MxWsqPqZZinSIfZZx2KMkukgH+9TkAPr9EiUKHtiQ8buz4kcpdYjGdpOiWagZ2ul+V+tk5noNMh5nGaGxXTyUJQJYhJShkN6XDFqxMgCUsXtXwkdoA3I2AjLELzZlf9C67jhuQ3v+jsNWIZd2IM6eHACZ3ABV9AECvfwCM/w4jw4T86r8zZprTjTmR34Jef9C3Udm9I=</latexit><latexit sha1_base64="w+ad7x6uub+qLjszdoVdO1oZwlA=">AAACD3icbZC9TsMwFIVvyn/5KzCyWCBQWaqEBUYkFthAoqVSE1U3rtNatZPIdpCqKG/AwquwMIAQKysbb4PTVgIKR7L06dx7bd8TpoJr47qfTmVufmFxaXmlurq2vrFZ29pu6SRTlDVpIhLVDlEzwWPWNNwI1k4VQxkKdhsOz8v67R1TmifxjRmlLJDYj3nEKRprdWuHfqSQ5n6KynAU5LL4Zr+PUmJRN0fVbm3fbbhjkb/gTWEfprrq1j78XkIzyWJDBWrd8dzUBHl5MxWsqPqZZinSIfZZx2KMkukgH+9TkAPr9EiUKHtiQ8buz4kcpdYjGdpOiWagZ2ul+V+tk5noNMh5nGaGxXTyUJQJYhJShkN6XDFqxMgCUsXtXwkdoA3I2AjLELzZlf9C67jhuQ3v+jsNWIZd2IM6eHACZ3ABV9AECvfwCM/w4jw4T86r8zZprTjTmR34Jef9C3Udm9I=</latexit><latexit sha1_base64="fdhNC2maLBSxmMVjzZHT9Gr7LvY=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZREBF0W3Oiugr1AU8rJdNIOnUnCzEQoIW/gxldx40IRt27d+TZO2oDa+sPAx3/OmZnz+zFnSjvOl7W0vLK6tl7aKG9ube/s2nv7LRUlktAmiXgkOz4oyllIm5ppTjuxpCB8Ttv++Cqvt++pVCwK7/Qkpj0Bw5AFjIA2Vt8+8QIJJPVikJoBxzfZD3tDEAKyqj4t9+2KU3OmwovgFlBBhRp9+9MbRCQRNNSEg1Jd14l1L81vJpxmZS9RNAYyhiHtGgxBUNVLp/tk+Ng4AxxE0pxQ46n7eyIFodRE+KZTgB6p+Vpu/lfrJjq47KUsjBNNQzJ7KEg41hHOw8EDJinRfGIAiGTmr5iMwASkTYR5CO78yovQOqu5Ts29dSr18yKOEjpER6iKXHSB6ugaNVATEfSAntALerUerWfrzXqftS5ZxcwB+iPr4xuYQZxG</latexit><latexit sha1_base64="ehhzjnCyZPSoM7Wi2YxOOqx14gI=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAodVNmpKDLghvdVbAX6AzlTJppQ5OZIckIZZg3cOOruHGhiFu37nwbM21Bbf0h8PGfc5Kc3485U9q2v6zCyura+kZxs7S1vbO7V94/aKsokYS2SMQj2fVBUc5C2tJMc9qNJQXhc9rxx1d5vXNPpWJReKcnMfUEDEMWMALaWP3yqRtIIKkbg9QMOL7JftgdghCQVfVZqV+u2DV7KrwMzhwqaK5mv/zpDiKSCBpqwkGpnmPH2kvzmwmnWclNFI2BjGFIewZDEFR56XSfDJ8YZ4CDSJoTajx1f0+kIJSaCN90CtAjtVjLzf9qvUQHl17KwjjRNCSzh4KEYx3hPBw8YJISzScGgEhm/orJCExA2kSYh+AsrrwM7fOaY9ec23qlUZ/HUURH6BhVkYMuUANdoyZqIYIe0BN6Qa/Wo/VsvVnvs9aCNZ85RH9kfXwDmYGcSg==</latexit><latexit sha1_base64="ZOuZdQHSM0xhww5FZR8OpeVM1Do=">AAACD3icbZDLSgMxFIbPeK31VnXpJlgU3ZQZKejOghvdVbBV6JRyJs3UYDIzJBmhDH0DN76KGxeKuHXrzrfwEcxMC15/CHz855wk5w8SwbVx3Xdnanpmdm6+tFBeXFpeWa2srbd1nCrKWjQWsboMUDPBI9Yy3Ah2mSiGMhDsIrg+zusXN0xpHkfnZpiwrsRBxENO0VirV9nxQ4U08xNUhqMgp6Mv9gcoJY52zV65V6m6NbcQ+QveBKpHH1Co2au8+f2YppJFhgrUuuO5ielm+c1UsFHZTzVLkF7jgHUsRiiZ7mbFPiOybZ0+CWNlT2RI4X6fyFBqPZSB7ZRorvTvWm7+V+ukJjzsZjxKUsMiOn4oTAUxMcnDIX2uGDViaAGp4vavhF6hDcjYCPMQvN8r/4X2fs1za95Zvdqoj9OAEmzCFuyCBwfQgBNoQgso3MI9PMKTc+c8OM/Oy7h1ypnMbMAPOa+fNJOdeQ==</latexit><latexit sha1_base64="ZOuZdQHSM0xhww5FZR8OpeVM1Do=">AAACD3icbZDLSgMxFIbPeK31VnXpJlgU3ZQZKejOghvdVbBV6JRyJs3UYDIzJBmhDH0DN76KGxeKuHXrzrfwEcxMC15/CHz855wk5w8SwbVx3Xdnanpmdm6+tFBeXFpeWa2srbd1nCrKWjQWsboMUDPBI9Yy3Ah2mSiGMhDsIrg+zusXN0xpHkfnZpiwrsRBxENO0VirV9nxQ4U08xNUhqMgp6Mv9gcoJY52zV65V6m6NbcQ+QveBKpHH1Co2au8+f2YppJFhgrUuuO5ielm+c1UsFHZTzVLkF7jgHUsRiiZ7mbFPiOybZ0+CWNlT2RI4X6fyFBqPZSB7ZRorvTvWm7+V+ukJjzsZjxKUsMiOn4oTAUxMcnDIX2uGDViaAGp4vavhF6hDcjYCPMQvN8r/4X2fs1za95Zvdqoj9OAEmzCFuyCBwfQgBNoQgso3MI9PMKTc+c8OM/Oy7h1ypnMbMAPOa+fNJOdeQ==</latexit><latexit sha1_base64="ZOuZdQHSM0xhww5FZR8OpeVM1Do=">AAACD3icbZDLSgMxFIbPeK31VnXpJlgU3ZQZKejOghvdVbBV6JRyJs3UYDIzJBmhDH0DN76KGxeKuHXrzrfwEcxMC15/CHz855wk5w8SwbVx3Xdnanpmdm6+tFBeXFpeWa2srbd1nCrKWjQWsboMUDPBI9Yy3Ah2mSiGMhDsIrg+zusXN0xpHkfnZpiwrsRBxENO0VirV9nxQ4U08xNUhqMgp6Mv9gcoJY52zV65V6m6NbcQ+QveBKpHH1Co2au8+f2YppJFhgrUuuO5ielm+c1UsFHZTzVLkF7jgHUsRiiZ7mbFPiOybZ0+CWNlT2RI4X6fyFBqPZSB7ZRorvTvWm7+V+ukJjzsZjxKUsMiOn4oTAUxMcnDIX2uGDViaAGp4vavhF6hDcjYCPMQvN8r/4X2fs1za95Zvdqoj9OAEmzCFuyCBwfQgBNoQgso3MI9PMKTc+c8OM/Oy7h1ypnMbMAPOa+fNJOdeQ==</latexit><latexit sha1_base64="ZOuZdQHSM0xhww5FZR8OpeVM1Do=">AAACD3icbZDLSgMxFIbPeK31VnXpJlgU3ZQZKejOghvdVbBV6JRyJs3UYDIzJBmhDH0DN76KGxeKuHXrzrfwEcxMC15/CHz855wk5w8SwbVx3Xdnanpmdm6+tFBeXFpeWa2srbd1nCrKWjQWsboMUDPBI9Yy3Ah2mSiGMhDsIrg+zusXN0xpHkfnZpiwrsRBxENO0VirV9nxQ4U08xNUhqMgp6Mv9gcoJY52zV65V6m6NbcQ+QveBKpHH1Co2au8+f2YppJFhgrUuuO5ielm+c1UsFHZTzVLkF7jgHUsRiiZ7mbFPiOybZ0+CWNlT2RI4X6fyFBqPZSB7ZRorvTvWm7+V+ukJjzsZjxKUsMiOn4oTAUxMcnDIX2uGDViaAGp4vavhF6hDcjYCPMQvN8r/4X2fs1za95Zvdqoj9OAEmzCFuyCBwfQgBNoQgso3MI9PMKTc+c8OM/Oy7h1ypnMbMAPOa+fNJOdeQ==</latexit><latexit sha1_base64="ZOuZdQHSM0xhww5FZR8OpeVM1Do=">AAACD3icbZDLSgMxFIbPeK31VnXpJlgU3ZQZKejOghvdVbBV6JRyJs3UYDIzJBmhDH0DN76KGxeKuHXrzrfwEcxMC15/CHz855wk5w8SwbVx3Xdnanpmdm6+tFBeXFpeWa2srbd1nCrKWjQWsboMUDPBI9Yy3Ah2mSiGMhDsIrg+zusXN0xpHkfnZpiwrsRBxENO0VirV9nxQ4U08xNUhqMgp6Mv9gcoJY52zV65V6m6NbcQ+QveBKpHH1Co2au8+f2YppJFhgrUuuO5ielm+c1UsFHZTzVLkF7jgHUsRiiZ7mbFPiOybZ0+CWNlT2RI4X6fyFBqPZSB7ZRorvTvWm7+V+ukJjzsZjxKUsMiOn4oTAUxMcnDIX2uGDViaAGp4vavhF6hDcjYCPMQvN8r/4X2fs1za95Zvdqoj9OAEmzCFuyCBwfQgBNoQgso3MI9PMKTc+c8OM/Oy7h1ypnMbMAPOa+fNJOdeQ==</latexit><latexit sha1_base64="ehhzjnCyZPSoM7Wi2YxOOqx14gI=">AAACD3icbZDLSgMxFIYz9VbrrerSTbAodVNmpKDLghvdVbAX6AzlTJppQ5OZIckIZZg3cOOruHGhiFu37nwbM21Bbf0h8PGfc5Kc3485U9q2v6zCyura+kZxs7S1vbO7V94/aKsokYS2SMQj2fVBUc5C2tJMc9qNJQXhc9rxx1d5vXNPpWJReKcnMfUEDEMWMALaWP3yqRtIIKkbg9QMOL7JftgdghCQVfVZqV+u2DV7KrwMzhwqaK5mv/zpDiKSCBpqwkGpnmPH2kvzmwmnWclNFI2BjGFIewZDEFR56XSfDJ8YZ4CDSJoTajx1f0+kIJSaCN90CtAjtVjLzf9qvUQHl17KwjjRNCSzh4KEYx3hPBw8YJISzScGgEhm/orJCExA2kSYh+AsrrwM7fOaY9ec23qlUZ/HUURH6BhVkYMuUANdoyZqIYIe0BN6Qa/Wo/VsvVnvs9aCNZ85RH9kfXwDmYGcSg==</latexit>



Sensitivity Equations

Sensitivities: partial derivs of state variables with respect to params, e.g. 

For                                    (1) , where x and f are m dimensional (m state variables),
and q is a p dimensional vector of parameters

We can find the vector of sensitivities                 of the states with respect to 

parameter qi by differentiating both sides of (1) with respect to the parameter, 
applying the chain rule, and switching the order of d/dt and d/dqi on the left side:

(2) : sensitivity equations

with initial conditions                            

(provided qi is a pure parameter, not an initial condition--- see later)

dx

dt
= f(x, t; ✓)

(@I/@�)(t)
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Sensitivity Equations

Sensitivities: partial derivs of state variables with respect to params, e.g. 

For                                    (1) , where x and f are m dimensional (m state variables),
and q is a p dimensional vector of parameters

We can find the vector of sensitivities                 of the states with respect to 

parameter qi by differentiating both sides of (1) with respect to the parameter, 
applying the chain rule, and switching the order of d/dt and d/dqi on the left side:

(2) : sensitivity equations

with initial conditions                            

(provided qi is a pure parameter, not an initial condition--- see later)

dx

dt
= f(x, t; ✓)

(@I/@�)(t)
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@x

@✓i
(t)

<latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="lqGuRfr7XEEWQjU598rcLF/sjp0=">AAACEHicbZDLSsNAFIYn9VbrLerSzWAR66YkUtBlwY3LCvYCTQiT6aQdOrkwcyKWkEdw46u4caGIW5fufBunbRBt/WHg4z/nzMz5/URwBZb1ZZRWVtfWN8qbla3tnd09c/+go+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/vprWu3dMKh5HtzBJmBuSYcQDTgloyzNPnUASmjkJkcCJwPf5DzswYkA8ntfgDHtm1apbM+FlsAuookItz/x0BjFNQxYBFUSpvm0l4GbTq6lgecVJFUsIHZMh62uMSMiUm80WyvGJdgY4iKU+EeCZ+3siI6FSk9DXnSGBkVqsTc3/av0Ugks341GSAovo/KEgFRhiPE0HD7hkFMREA6GS679iOiI6IdAZVnQI9uLKy9A5r9tW3b5pVJuNIo4yOkLHqIZsdIGa6Bq1UBtR9ICe0At6NR6NZ+PNeJ+3loxi5hD9kfHxDVn1nVQ=</latexit>

d

dt

@x

@✓i
=

@f

@x

@x

@✓i
+

@f

@✓i
<latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="Q9I+0JdUzdZx6eHaC4S/n4MiXWQ=">AAACgnicjVHLSgMxFM2MVWt9jbp0EywFUagzWtCFQsGNywr2AZ1SMplMG5p5kNwRyzAf4m+582s0faC1FfFC4HDuuSfJuV4iuALbfjfMtcL6xmZxq7S9s7u3bx0ctlScSsqaNBax7HhEMcEj1gQOgnUSyUjoCdb2RveTfvuZScXj6AnGCeuFZBDxgFMCmupbr24gCc38PPMhn2E3IRI4Efgl/8YuDBmQPs/vlkRBvjjwHwd8jv/w+JL1rbJdtaeFV4EzB2U0r0bfenP9mKYhi4AKolTXsRPoZRNfKlheclPFEkJHZMC6GkYkZKqXTSPMcUUzPg5iqU8EeMouTmQkVGoceloZEhiq5d6E/K3XTSG46WU8SlJgEZ1dFKQCQ4wn+8A+l4yCGGtAqOT6rZgOiY4H9NZKOgRn+curoHVZdeyq81gr12vzOIroGJ2gU+Sga1RHD6iBmoiiD6NiVI0Ls2CemY55NZOaxnzmCP0o8/YT8i7HNQ==</latexit>

@x

@✓i
(0) = 0m

<latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="WHRJN0P69CTg2omuzOyPfHuPKIc=">AAACGHicbZDLSsNAFIYnXmu9RV26GSxC3dRECroRCm5cVrAXaEqYTCft0MmFmROxhDyGG1/FjQtF3Hbn2zhpA2rrDwMf/zmHM+f3YsEVWNaXsbK6tr6xWdoqb+/s7u2bB4dtFSWSshaNRCS7HlFM8JC1gINg3VgyEniCdbzxTV7vPDCpeBTewyRm/YAMQ+5zSkBbrnnu+JLQ1ImJBE4Efsx+2IERA+LyrGqd4WtsuWmQuWbFqlkz4WWwC6igQk3XnDqDiCYBC4EKolTPtmLop/kKKlhWdhLFYkLHZMh6GkMSMNVPZ4dl+FQ7A+xHUr8Q8Mz9PZGSQKlJ4OnOgMBILdZy879aLwH/qp/yME6AhXS+yE8EhgjnKeEBl4yCmGggVHL9V0xHRCcFOsuyDsFePHkZ2hc126rZd/VKo17EUULH6ARVkY0uUQPdoiZqIYqe0At6Q+/Gs/FqfBif89YVo5g5Qn9kTL8BS3qf0Q==</latexit>

Why do we need the 
chain rule? Because 
solution x(t) depends on 
parameter qi



Sensitivity Equations

Sensitivities: partial derivs of state variables with respect to params, e.g. 

For                                    (1) , where x and f are m dimensional (m state variables),
and q is a p dimensional vector of parameters

We can find the vector of sensitivities                 of the states with respect to 

parameter qi by differentiating both sides of (1) with respect to the parameter, 
applying the chain rule, and switching the order of d/dt and d/dqi on the left side:

(2) : sensitivity equations

with initial conditions                            

(provided qi is a pure parameter, not an initial condition--- see later)

dx

dt
= f(x, t; ✓)

(@I/@�)(t)
<latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="feYzCSbqj61LrrcowietRi1DSP8=">AAAB5HicbVDLSgNBEOz1GddX9OplMAiewq4XPQpePEYwD0hCmJ3tTYbMzi4zvUJY8gMevIh49Zu8+TdOHqAmFjQUVd10d0W5kpaC4Mvb2Nza3tmt7Pn7B/7h0XH1pGWzwghsikxlphNxi0pqbJIkhZ3cIE8jhe1ofDfz209orMz0I01y7Kd8qGUiBScnNQbVWlAP5mDrJFySGiwxqH724kwUKWoSilvbDYOc+iU3JIXCqd8rLOZcjPkQu45qnqLtl/Mzp+zCKTFLMuNKE5urvydKnlo7SSPXmXIa2VVvJv7ndQtKbvql1HlBqMViUVIoRhmb/cxiaVCQmjjChZHuViZG3HBBLhnfZRCufrxOWlf1MKiHDz9hQAXO4BwuIYRruIV7aEATBMTwDK/eyHvx3rz3ReOGt5w4hT/wPr4BGDqLAg==</latexit><latexit sha1_base64="9aBXJ7kNX4/xsVJVyna34Ie6Tpo=">AAACDXicbVC7TsMwFL0pr1JeBUYWi4LULiVhgRGJBbYi0YfURtWN67RW7SSyHaQq6g+w8CssDCDEys7G35C0lQotR7J0fM69177HiwTXxra/rdzK6tr6Rn6zsLW9s7tX3D9o6DBWlNVpKELV8lAzwQNWN9wI1ooUQ+kJ1vSG15nffGBK8zC4N6OIuRL7Afc5RZNK3eJJOelEqAxHQW7HZ/NLp49S4rhSNpVCt1iyq/YEZJk4M1KCGWrd4lenF9JYssBQgVq3HTsybpKNpoKNC51YswjpEPusndIAJdNuMtlmTE5TpUf8UKUnMGSi/u5IUGo9kl5aKdEM9KKXif957dj4l27Cgyg2LKDTh/xYEBOSLBrS44pRI0YpQap4+ldCB6iQmjTALARnceVl0jivOnbVuZunAXk4gmMogwMXcAU3UIM6UHiEZ3iFN+vJerHerY9pac6a9RzCH1ifP8XXmkY=</latexit><latexit sha1_base64="9aBXJ7kNX4/xsVJVyna34Ie6Tpo=">AAACDXicbVC7TsMwFL0pr1JeBUYWi4LULiVhgRGJBbYi0YfURtWN67RW7SSyHaQq6g+w8CssDCDEys7G35C0lQotR7J0fM69177HiwTXxra/rdzK6tr6Rn6zsLW9s7tX3D9o6DBWlNVpKELV8lAzwQNWN9wI1ooUQ+kJ1vSG15nffGBK8zC4N6OIuRL7Afc5RZNK3eJJOelEqAxHQW7HZ/NLp49S4rhSNpVCt1iyq/YEZJk4M1KCGWrd4lenF9JYssBQgVq3HTsybpKNpoKNC51YswjpEPusndIAJdNuMtlmTE5TpUf8UKUnMGSi/u5IUGo9kl5aKdEM9KKXif957dj4l27Cgyg2LKDTh/xYEBOSLBrS44pRI0YpQap4+ldCB6iQmjTALARnceVl0jivOnbVuZunAXk4gmMogwMXcAU3UIM6UHiEZ3iFN+vJerHerY9pac6a9RzCH1ifP8XXmkY=</latexit><latexit sha1_base64="j/TFTQ3lRoFNvcUyeeCZiIWxKys=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoNzURQZcFN7qrYGuhCeVmOmmHziRhZiKUkB9w46+4caGIW/fu/BuTNqC2Hhg4c869d+YeL+JMacv6MkpLyyura+X1ysbm1vaOubvXUWEsCW2TkIey64GinAW0rZnmtBtJCsLj9M4bX+b+3T2VioXBrZ5E1BUwDJjPCOhM6ptHtcSJQGoGHF+nJz8XZwhCQFqv6Xqlb1athjUFXiR2QaqoQKtvfjqDkMSCBppwUKpnW5F2k3w04TStOLGiEZAxDGkvowEIqtxkuk2KjzNlgP1QZifQeKr+7khAKDURXlYpQI/UvJeL/3m9WPsXbsKCKNY0ILOH/JhjHeI8GjxgkhLNJxkBIln2V0xGIIHoLMA8BHt+5UXSOW3YVsO+sarNsyKOMjpAh6iGbHSOmugKtVAbEfSAntALejUejWfjzXiflZaMomcf/YHx8Q3o+5q6</latexit><latexit sha1_base64="xgz29CPuSm9gE8GPrEseAq48RVU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoNzWRgi4LbnRXwT6gCeVmOmmHziRhZiKU0B9w46+4caGIW/fu/BuTNqC2Hhg4c869d+YeL+JMacv6Mgorq2vrG8XN0tb2zu6euX/QVmEsCW2RkIey64GinAW0pZnmtBtJCsLjtOONrzK/c0+lYmFwpycRdQUMA+YzAjqV+uZJJXEikJoBxzfTs5+LMwQhYFqt6Gqpb5atmjUDXiZ2TsooR7NvfjqDkMSCBppwUKpnW5F2k2w04XRacmJFIyBjGNJeSgMQVLnJbJspPk2VAfZDmZ5A45n6uyMBodREeGmlAD1Si14m/uf1Yu1fugkLoljTgMwf8mOOdYizaPCASUo0n6QEiGTpXzEZgQSi0wCzEOzFlZdJ+7xmWzX7tl5u1PM4iugIHaMKstEFaqBr1EQtRNADekIv6NV4NJ6NN+N9Xlow8p5D9AfGxzfqO5q+</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="xgz29CPuSm9gE8GPrEseAq48RVU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoNzWRgi4LbnRXwT6gCeVmOmmHziRhZiKU0B9w46+4caGIW/fu/BuTNqC2Hhg4c869d+YeL+JMacv6Mgorq2vrG8XN0tb2zu6euX/QVmEsCW2RkIey64GinAW0pZnmtBtJCsLjtOONrzK/c0+lYmFwpycRdQUMA+YzAjqV+uZJJXEikJoBxzfTs5+LMwQhYFqt6Gqpb5atmjUDXiZ2TsooR7NvfjqDkMSCBppwUKpnW5F2k2w04XRacmJFIyBjGNJeSgMQVLnJbJspPk2VAfZDmZ5A45n6uyMBodREeGmlAD1Si14m/uf1Yu1fugkLoljTgMwf8mOOdYizaPCASUo0n6QEiGTpXzEZgQSi0wCzEOzFlZdJ+7xmWzX7tl5u1PM4iugIHaMKstEFaqBr1EQtRNADekIv6NV4NJ6NN+N9Xlow8p5D9AfGxzfqO5q+</latexit>

@x

@✓i
(t)

<latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="lqGuRfr7XEEWQjU598rcLF/sjp0=">AAACEHicbZDLSsNAFIYn9VbrLerSzWAR66YkUtBlwY3LCvYCTQiT6aQdOrkwcyKWkEdw46u4caGIW5fufBunbRBt/WHg4z/nzMz5/URwBZb1ZZRWVtfWN8qbla3tnd09c/+go+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/vprWu3dMKh5HtzBJmBuSYcQDTgloyzNPnUASmjkJkcCJwPf5DzswYkA8ntfgDHtm1apbM+FlsAuookItz/x0BjFNQxYBFUSpvm0l4GbTq6lgecVJFUsIHZMh62uMSMiUm80WyvGJdgY4iKU+EeCZ+3siI6FSk9DXnSGBkVqsTc3/av0Ugks341GSAovo/KEgFRhiPE0HD7hkFMREA6GS679iOiI6IdAZVnQI9uLKy9A5r9tW3b5pVJuNIo4yOkLHqIZsdIGa6Bq1UBtR9ICe0At6NR6NZ+PNeJ+3loxi5hD9kfHxDVn1nVQ=</latexit>

d

dt

@x

@✓i
=

@f

@x

@x

@✓i
+

@f

@✓i
<latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="Q9I+0JdUzdZx6eHaC4S/n4MiXWQ=">AAACgnicjVHLSgMxFM2MVWt9jbp0EywFUagzWtCFQsGNywr2AZ1SMplMG5p5kNwRyzAf4m+582s0faC1FfFC4HDuuSfJuV4iuALbfjfMtcL6xmZxq7S9s7u3bx0ctlScSsqaNBax7HhEMcEj1gQOgnUSyUjoCdb2RveTfvuZScXj6AnGCeuFZBDxgFMCmupbr24gCc38PPMhn2E3IRI4Efgl/8YuDBmQPs/vlkRBvjjwHwd8jv/w+JL1rbJdtaeFV4EzB2U0r0bfenP9mKYhi4AKolTXsRPoZRNfKlheclPFEkJHZMC6GkYkZKqXTSPMcUUzPg5iqU8EeMouTmQkVGoceloZEhiq5d6E/K3XTSG46WU8SlJgEZ1dFKQCQ4wn+8A+l4yCGGtAqOT6rZgOiY4H9NZKOgRn+curoHVZdeyq81gr12vzOIroGJ2gU+Sga1RHD6iBmoiiD6NiVI0Ls2CemY55NZOaxnzmCP0o8/YT8i7HNQ==</latexit>

@x

@✓i
(0) = 0m

<latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="WHRJN0P69CTg2omuzOyPfHuPKIc=">AAACGHicbZDLSsNAFIYnXmu9RV26GSxC3dRECroRCm5cVrAXaEqYTCft0MmFmROxhDyGG1/FjQtF3Hbn2zhpA2rrDwMf/zmHM+f3YsEVWNaXsbK6tr6xWdoqb+/s7u2bB4dtFSWSshaNRCS7HlFM8JC1gINg3VgyEniCdbzxTV7vPDCpeBTewyRm/YAMQ+5zSkBbrnnu+JLQ1ImJBE4Efsx+2IERA+LyrGqd4WtsuWmQuWbFqlkz4WWwC6igQk3XnDqDiCYBC4EKolTPtmLop/kKKlhWdhLFYkLHZMh6GkMSMNVPZ4dl+FQ7A+xHUr8Q8Mz9PZGSQKlJ4OnOgMBILdZy879aLwH/qp/yME6AhXS+yE8EhgjnKeEBl4yCmGggVHL9V0xHRCcFOsuyDsFePHkZ2hc126rZd/VKo17EUULH6ARVkY0uUQPdoiZqIYqe0At6Q+/Gs/FqfBif89YVo5g5Qn9kTL8BS3qf0Q==</latexit>

Why are these zero?
Initial conditions don’t
depend on parameter
value



Sensitivity Equations

Sensitivities: partial derivs of state variables with respect to params, e.g. 

For                                    (1) , where x and f are m dimensional (m state variables),
and q is a p dimensional vector of parameters

We can find the vector of sensitivities                 of the states with respect to 

parameter qi by differentiating both sides of (1) with respect to the parameter, 
applying the chain rule, and switching the order of d/dt and d/dqi on the left side:

(2) : sensitivity equations

with initial conditions                            

(provided qi is a pure parameter, not an initial condition--- see later)

dx

dt
= f(x, t; ✓)
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The matrix        is the Jacobian matrix 

- differentiate RHS of ODE w.r.t. state vars.

is derivative of RHS w.r.t. parameter

This is a generalization of linear stability 
analysis
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Sensitivity Equations

Sensitivities: partial derivs of state variables with respect to params, e.g. 

For                                    (1) , where x and f are m dimensional (m state variables),
and q is a p dimensional vector of parameters

The sensitivity equations for                 are 

with initial conditions 

1. Sensitivity eqns for different states with respect to a given parameter are coupled

2. Sensitivity eqns across different parameters are not coupled... 
... so can arrange sensitivities with respect to different parameters into a matrix

dx

dt
= f(x, t; ✓)

(@I/@�)(t)
<latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="feYzCSbqj61LrrcowietRi1DSP8=">AAAB5HicbVDLSgNBEOz1GddX9OplMAiewq4XPQpePEYwD0hCmJ3tTYbMzi4zvUJY8gMevIh49Zu8+TdOHqAmFjQUVd10d0W5kpaC4Mvb2Nza3tmt7Pn7B/7h0XH1pGWzwghsikxlphNxi0pqbJIkhZ3cIE8jhe1ofDfz209orMz0I01y7Kd8qGUiBScnNQbVWlAP5mDrJFySGiwxqH724kwUKWoSilvbDYOc+iU3JIXCqd8rLOZcjPkQu45qnqLtl/Mzp+zCKTFLMuNKE5urvydKnlo7SSPXmXIa2VVvJv7ndQtKbvql1HlBqMViUVIoRhmb/cxiaVCQmjjChZHuViZG3HBBLhnfZRCufrxOWlf1MKiHDz9hQAXO4BwuIYRruIV7aEATBMTwDK/eyHvx3rz3ReOGt5w4hT/wPr4BGDqLAg==</latexit><latexit sha1_base64="9aBXJ7kNX4/xsVJVyna34Ie6Tpo=">AAACDXicbVC7TsMwFL0pr1JeBUYWi4LULiVhgRGJBbYi0YfURtWN67RW7SSyHaQq6g+w8CssDCDEys7G35C0lQotR7J0fM69177HiwTXxra/rdzK6tr6Rn6zsLW9s7tX3D9o6DBWlNVpKELV8lAzwQNWN9wI1ooUQ+kJ1vSG15nffGBK8zC4N6OIuRL7Afc5RZNK3eJJOelEqAxHQW7HZ/NLp49S4rhSNpVCt1iyq/YEZJk4M1KCGWrd4lenF9JYssBQgVq3HTsybpKNpoKNC51YswjpEPusndIAJdNuMtlmTE5TpUf8UKUnMGSi/u5IUGo9kl5aKdEM9KKXif957dj4l27Cgyg2LKDTh/xYEBOSLBrS44pRI0YpQap4+ldCB6iQmjTALARnceVl0jivOnbVuZunAXk4gmMogwMXcAU3UIM6UHiEZ3iFN+vJerHerY9pac6a9RzCH1ifP8XXmkY=</latexit><latexit sha1_base64="9aBXJ7kNX4/xsVJVyna34Ie6Tpo=">AAACDXicbVC7TsMwFL0pr1JeBUYWi4LULiVhgRGJBbYi0YfURtWN67RW7SSyHaQq6g+w8CssDCDEys7G35C0lQotR7J0fM69177HiwTXxra/rdzK6tr6Rn6zsLW9s7tX3D9o6DBWlNVpKELV8lAzwQNWN9wI1ooUQ+kJ1vSG15nffGBK8zC4N6OIuRL7Afc5RZNK3eJJOelEqAxHQW7HZ/NLp49S4rhSNpVCt1iyq/YEZJk4M1KCGWrd4lenF9JYssBQgVq3HTsybpKNpoKNC51YswjpEPusndIAJdNuMtlmTE5TpUf8UKUnMGSi/u5IUGo9kl5aKdEM9KKXif957dj4l27Cgyg2LKDTh/xYEBOSLBrS44pRI0YpQap4+ldCB6iQmjTALARnceVl0jivOnbVuZunAXk4gmMogwMXcAU3UIM6UHiEZ3iFN+vJerHerY9pac6a9RzCH1ifP8XXmkY=</latexit><latexit sha1_base64="j/TFTQ3lRoFNvcUyeeCZiIWxKys=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoNzURQZcFN7qrYGuhCeVmOmmHziRhZiKUkB9w46+4caGIW/fu/BuTNqC2Hhg4c869d+YeL+JMacv6MkpLyyura+X1ysbm1vaOubvXUWEsCW2TkIey64GinAW0rZnmtBtJCsLj9M4bX+b+3T2VioXBrZ5E1BUwDJjPCOhM6ptHtcSJQGoGHF+nJz8XZwhCQFqv6Xqlb1athjUFXiR2QaqoQKtvfjqDkMSCBppwUKpnW5F2k3w04TStOLGiEZAxDGkvowEIqtxkuk2KjzNlgP1QZifQeKr+7khAKDURXlYpQI/UvJeL/3m9WPsXbsKCKNY0ILOH/JhjHeI8GjxgkhLNJxkBIln2V0xGIIHoLMA8BHt+5UXSOW3YVsO+sarNsyKOMjpAh6iGbHSOmugKtVAbEfSAntALejUejWfjzXiflZaMomcf/YHx8Q3o+5q6</latexit><latexit sha1_base64="xgz29CPuSm9gE8GPrEseAq48RVU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoNzWRgi4LbnRXwT6gCeVmOmmHziRhZiKU0B9w46+4caGIW/fu/BuTNqC2Hhg4c869d+YeL+JMacv6Mgorq2vrG8XN0tb2zu6euX/QVmEsCW2RkIey64GinAW0pZnmtBtJCsLjtOONrzK/c0+lYmFwpycRdQUMA+YzAjqV+uZJJXEikJoBxzfTs5+LMwQhYFqt6Gqpb5atmjUDXiZ2TsooR7NvfjqDkMSCBppwUKpnW5F2k2w04XRacmJFIyBjGNJeSgMQVLnJbJspPk2VAfZDmZ5A45n6uyMBodREeGmlAD1Si14m/uf1Yu1fugkLoljTgMwf8mOOdYizaPCASUo0n6QEiGTpXzEZgQSi0wCzEOzFlZdJ+7xmWzX7tl5u1PM4iugIHaMKstEFaqBr1EQtRNADekIv6NV4NJ6NN+N9Xlow8p5D9AfGxzfqO5q+</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="Jp+T/fU8T0Yxv/TbDfqyYnDzxRU=">AAACDXicbVDLTgIxFL2DL8QX6tJNI5rABmcMie4kcaM7TOSRACF3SoGGdmbSdkzIhB9w46+4caExbt278y/8BGeARAVP0uT0nHtve48bCK6NbX9aqaXlldW19HpmY3Nreye7u1fTfqgoq1Jf+KrhomaCe6xquBGsESiG0hWs7g4vE79+x5TmvndrRgFrS+x7vMcpmljqZI/yUStAZTgKcj0++bm0+igljgt5U8h0sjm7aE9AFokzI7mLL5ig0sl+tLo+DSXzDBWoddOxA9OOktFUsHGmFWoWIB1inzVj6qFkuh1NthmT41jpkp6v4uMZMlF/d0QotR5JN66UaAZ63kvE/7xmaHrn7Yh7QWiYR6cP9UJBjE+SaEiXK0aNGMUEqeLxXwkdoEJq4gCTEJz5lRdJ7bTo2EXnppQrl6ZpQBoO4BDy4MAZlOEKKlAFCvfwCM/wYj1YT9ar9TYtTVmznn34A+v9G4VNm+0=</latexit><latexit sha1_base64="xgz29CPuSm9gE8GPrEseAq48RVU=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VoNzWRgi4LbnRXwT6gCeVmOmmHziRhZiKU0B9w46+4caGIW/fu/BuTNqC2Hhg4c869d+YeL+JMacv6Mgorq2vrG8XN0tb2zu6euX/QVmEsCW2RkIey64GinAW0pZnmtBtJCsLjtOONrzK/c0+lYmFwpycRdQUMA+YzAjqV+uZJJXEikJoBxzfTs5+LMwQhYFqt6Gqpb5atmjUDXiZ2TsooR7NvfjqDkMSCBppwUKpnW5F2k2w04XRacmJFIyBjGNJeSgMQVLnJbJspPk2VAfZDmZ5A45n6uyMBodREeGmlAD1Si14m/uf1Yu1fugkLoljTgMwf8mOOdYizaPCASUo0n6QEiGTpXzEZgQSi0wCzEOzFlZdJ+7xmWzX7tl5u1PM4iugIHaMKstEFaqBr1EQtRNADekIv6NV4NJ6NN+N9Xlow8p5D9AfGxzfqO5q+</latexit>

@x

@✓i
(t)

<latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="9rcTMHmhmAX5GL5oA450z/42Rsg=">AAACEHicbZDLSgMxFIbP1Futt6pLN8Ei1k2ZkYLuLLhxWcFeoFNKJs20oZkLyRmxDH0EN76KGxeKuHXpzrfwEUwviLb+EPj4zzlJzu/FUmi07U8rs7S8srqWXc9tbG5t7+R39+o6ShTjNRbJSDU9qrkUIa+hQMmbseI08CRveIPLcb1xy5UWUXiDw5i3A9oLhS8YRWN18seuryhL3ZgqFFSSu9EPu9jnSDtiVMQT0skX7JI9EVkEZwaFiy+YqNrJf7jdiCUBD5FJqnXLsWNsp+OrmeSjnJtoHlM2oD3eMhjSgOt2OlloRI6M0yV+pMwJkUzc3xMpDbQeBp7pDCj29XxtbP5XayXon7dTEcYJ8pBNH/ITSTAi43RIVyjOUA4NUKaE+SthfWoSQpNhzoTgzK+8CPXTkmOXnOtyoVKepgFZOIBDKIIDZ1CBK6hCDRjcwyM8w4v1YD1Zr9bbtDVjzWb24Y+s92/0+J6D</latexit><latexit sha1_base64="lqGuRfr7XEEWQjU598rcLF/sjp0=">AAACEHicbZDLSsNAFIYn9VbrLerSzWAR66YkUtBlwY3LCvYCTQiT6aQdOrkwcyKWkEdw46u4caGIW5fufBunbRBt/WHg4z/nzMz5/URwBZb1ZZRWVtfWN8qbla3tnd09c/+go+JUUtamsYhlzyeKCR6xNnAQrJdIRkJfsK4/vprWu3dMKh5HtzBJmBuSYcQDTgloyzNPnUASmjkJkcCJwPf5DzswYkA8ntfgDHtm1apbM+FlsAuookItz/x0BjFNQxYBFUSpvm0l4GbTq6lgecVJFUsIHZMh62uMSMiUm80WyvGJdgY4iKU+EeCZ+3siI6FSk9DXnSGBkVqsTc3/av0Ugks341GSAovo/KEgFRhiPE0HD7hkFMREA6GS679iOiI6IdAZVnQI9uLKy9A5r9tW3b5pVJuNIo4yOkLHqIZsdIGa6Bq1UBtR9ICe0At6NR6NZ+PNeJ+3loxi5hD9kfHxDVn1nVQ=</latexit>

d

dt

@x

@✓i
=

@f

@x

@x

@✓i
+

@f

@✓i
<latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="FQh6uYUX6yh3g7+i79CwS8GpoqU="></latexit><latexit sha1_base64="Q9I+0JdUzdZx6eHaC4S/n4MiXWQ=">AAACgnicjVHLSgMxFM2MVWt9jbp0EywFUagzWtCFQsGNywr2AZ1SMplMG5p5kNwRyzAf4m+582s0faC1FfFC4HDuuSfJuV4iuALbfjfMtcL6xmZxq7S9s7u3bx0ctlScSsqaNBax7HhEMcEj1gQOgnUSyUjoCdb2RveTfvuZScXj6AnGCeuFZBDxgFMCmupbr24gCc38PPMhn2E3IRI4Efgl/8YuDBmQPs/vlkRBvjjwHwd8jv/w+JL1rbJdtaeFV4EzB2U0r0bfenP9mKYhi4AKolTXsRPoZRNfKlheclPFEkJHZMC6GkYkZKqXTSPMcUUzPg5iqU8EeMouTmQkVGoceloZEhiq5d6E/K3XTSG46WU8SlJgEZ1dFKQCQ4wn+8A+l4yCGGtAqOT6rZgOiY4H9NZKOgRn+curoHVZdeyq81gr12vzOIroGJ2gU+Sga1RHD6iBmoiiD6NiVI0Ls2CemY55NZOaxnzmCP0o8/YT8i7HNQ==</latexit>

@x

@✓i
(0) = 0m

<latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="o8CKQTNSeXOd8RsCmCGexS+oPXM=">AAACGHicbZDJSgNBEIZrXGPcoh69NAZBL3FGBL2IghePEcwCmTD0dHqSJj0L3TViGOYxvPgqXjwo4jU338JHsLOAS/yh4eOvKqrr9xMpNNr2hzU3v7C4tFxYKa6urW9slra26zpOFeM1FstYNX2quRQRr6FAyZuJ4jT0JW/4/atRvXHHlRZxdIuDhLdD2o1EIBhFY3mlIzdQlGVuQhUKKsl9/s0u9jhST+QH9iE5J7aXhblXKtsVeywyC84UyhefMFbVKw3dTszSkEfIJNW65dgJtrPRCiZ5XnRTzRPK+rTLWwYjGnLdzsaH5WTfOB0SxMq8CMnY/TmR0VDrQeibzpBiT/+tjcz/aq0Ug7N2JqIkRR6xyaIglQRjMkqJdITiDOXAAGVKmL8S1qMmKTRZFk0Izt+TZ6F+XHHsinNzUr48maQBBdiFPTgAB07hEq6hCjVg8ABP8AKv1qP1bL1Z75PWOWs6swO/ZA2/AOZ9oQA=</latexit><latexit sha1_base64="WHRJN0P69CTg2omuzOyPfHuPKIc=">AAACGHicbZDLSsNAFIYnXmu9RV26GSxC3dRECroRCm5cVrAXaEqYTCft0MmFmROxhDyGG1/FjQtF3Hbn2zhpA2rrDwMf/zmHM+f3YsEVWNaXsbK6tr6xWdoqb+/s7u2bB4dtFSWSshaNRCS7HlFM8JC1gINg3VgyEniCdbzxTV7vPDCpeBTewyRm/YAMQ+5zSkBbrnnu+JLQ1ImJBE4Efsx+2IERA+LyrGqd4WtsuWmQuWbFqlkz4WWwC6igQk3XnDqDiCYBC4EKolTPtmLop/kKKlhWdhLFYkLHZMh6GkMSMNVPZ4dl+FQ7A+xHUr8Q8Mz9PZGSQKlJ4OnOgMBILdZy879aLwH/qp/yME6AhXS+yE8EhgjnKeEBl4yCmGggVHL9V0xHRCcFOsuyDsFePHkZ2hc126rZd/VKo17EUULH6ARVkY0uUQPdoiZqIYqe0At6Q+/Gs/FqfBif89YVo5g5Qn9kTL8BS3qf0Q==</latexit>



Sensitivity Equations

For                                    (1) , where x and f are m dimensional (m state variables),
and q is a p dimensional vector of parameters

the m by p matrix of sensitivities,             ,   satisfies the ODE system

(2)

with initial conditions

Equations (2) are the sensitivity equations for the system 

Sensitivity matrix: Sensitivities of different states with respect to a given parameter 
are arranged in a single column, different columns depict sensitivities with respect 
to different parameters
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The Jacobian matrix          depends on the state variables, so the sensitivity equations (2) 

[a linear system of ODEs] must be solved simultaneously with the governing equations (1)
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Sensitivities with Respect to Initial Conditions?

If an initial condition is unknown, we could include it as one of the quantities to 
be estimated using least squares

Everything goes as before, except that sensitivity equations are a little different if 
you are looking at sensitivities with respect to an initial condition

So, we now know how to calculate sensitivities with respect to either parameters 
or initial conditions; we can calculate both together

We don’t have that second term on the right side 
because the equations right hand sides of our 
model don’t involve initial conditions

Unit vector with 1 in j’th place, 0 elsewhere
Derivative of initial condition i with respect to 
initial condition i is one, zero with respect to other 
initial conditions

d

dt
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Sensitivity Equations for Logistic Growth Model

Because we have an analytic solution of the logistic growth model

We can calculate the sensitivities of y(t) with respect to K , r and y0 using 
calculus

But we could also calculate those three sensitivities using the sensitivity 
equations method... and check that the two methods give the same answer!

Next slide outlines one of those calculations, for 
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= ry
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Sensitivity Equations for Logistic Growth Model 

Let’s set up sensitivity equation for                    ,   translating from general notation

General Notation Notation of our problem

“x” is “y”,    and “θ” is “r”,   “ f ” is ry(1-y/K)

Calculating ∂f/∂y and ∂f/∂r, and substituting:

Have to integrate a two dimensional system, with states y and                 , with initial 
value of sensitivity = 0 

dy

dt
= ry
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Derivation of the Sensitivity Equations for the SIR Model
(Appendix of Capaldi et al. 2012)

We have                                    

The four sensitivities, arranged in a matrix:

Jacobian:

Derivative of right hand sides 
of differential equations
with respect to parameters

dS dt = −βSI N
dI dt = βSI N −γ I

∂f
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Derivation of the Sensitivity Equations for the SIR Model
(Appendix of Capaldi et al. 2012)

We have                                    

The four sensitivities, arranged in a matrix:

Jacobian:

Derivative of right hand sides 
of differential equations
with respect to parameters

dS dt = −βSI N
dI dt = βSI N −γ I

∂f
∂x

= J(S, I ) =
∂
∂S dS dt( ) ∂

∂I dS dt( )
∂
∂S dI dt( ) ∂

∂I dI dt( )

"
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Derivation of the Sensitivity Equations for the SIR Model
(Appendix of Capaldi et al. 2012)

Putting this all into sensitivity equations (2):

Four sensitivity equations, arranged in matrix form

Notice for this 2D system, the equations for ∂S/∂b  (aka f1) and ∂I/∂b (aka f3)
are coupled, so must be solved together

As mentioned previously, these have to be solved simultaneously with the original 
model equations

Initial conditions for the sensitivities: all four equal zero at t = 0
[at t=0, all state variables equal their initial values. No dependence of this on 
the parameters, so those four partial derivatives are zero.]
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Derivation of the Sensitivity Equations for the SIR Model
(Appendix of Capaldi et al. 2012)

Putting this all into sensitivity equations (2):

Four sensitivity equations, arranged in matrix form

Notice for this 2D system, the equations for ∂S/∂b  (aka f1) and ∂I/∂b (aka f3)
are coupled, so must be solved together [similarly for the two sensitivities wrt g]

As mentioned previously, these have to be solved simultaneously with the original 
model equations

Initial conditions for the sensitivities: all four equal zero at t = 0
[at t=0, all state variables equal their initial values. No dependence of this on 
the parameters, so those four partial derivatives are zero.]
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Derivation of the Sensitivity Equations for the SIR Model
(Appendix of Capaldi et al. 2012)

Putting this all into sensitivity equations (2):

Four sensitivity equations, arranged in matrix form

Notice for this 2D system, the equations for ∂S/∂b  (aka f1) and ∂I/∂b (aka f3)
are coupled, so must be solved together

As mentioned previously, these have to be solved simultaneously with the original 
model equations

Initial conditions for the sensitivities: all four equal zero at t = 0
[at t=0, all state variables equal their initial values. No dependence of this on 
the parameters, so those four partial derivatives are zero.]
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Behavior of the Sensitivity Equations

Capaldi et al. 2012: plotted curves of ∂I/∂b (solid) and ∂I/∂g (dashed)ESTIMATION & UNCERTAINTY QUANTIFICATION 565
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Figure 3. Sensitivities of I(t) (i.e., prevalence) with respect to the
model parameters � (solid curves) and � (dashed curves) are shown
on the upper panels of the graphs for a) R0 = 1.2, b) R0 = 3 and c)
R0 = 10. The lower panel of each graph displays the corresponding
prevalence-time curve. The initial conditions of the SIR model were
S0 = 9900, I0 = 100, with N = 10, 000 and � was taken equal to
one, so � = R0.

observation window that covers the duration of the outbreak. The second approach
considers sampling at a fixed frequency but over observation windows of di↵ering
durations. The third approach examines increasing the sampling frequency within
specified sub-intervals of a fixed observation window.

In the first sampling method we alter the frequency at which observations are
taken while keeping the observation window fixed. In other words, we increase n
while fixing t0 = 0 and tn = tend. For incidence data, increasing the observation
frequency—i.e., reducing the period over which each observation is made—has the
important e↵ect of reducing the values of the observed data and the corresponding
model values. Under relative observational error (⇠ = 1) there is a corresponding
change in the error variance, keeping a constant signal to noise ratio. If ⇠ < 1,
increasing n decreases the signal to noise ratio of the data.

Adding additional data points in this way increases the accuracy of parameter
estimates, with standard errors eventually decreasing as n�1/2 (Figure 4, in which
prevalence data is used), in accordance with the asymptotic theory [39]. This is
still the case for incidence data even when ⇠ < 1 where the signal to noise ratio
decreases in n. We point out that changing the sampling frequency will typically
not be an option in epidemiological settings because data will be collected at some
fixed frequency, such as once each day or week, although, conceivably, a weekly
sampling frequency could be replaced by daily sampling.



Non-Identifiability of Parameters

Capaldi et al. 2012 curves of ∂I/∂b (solid) and ∂I/∂g (dashed) for R0=1.2ESTIMATION & UNCERTAINTY QUANTIFICATION 565
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Figure 3. Sensitivities of I(t) (i.e., prevalence) with respect to the
model parameters � (solid curves) and � (dashed curves) are shown
on the upper panels of the graphs for a) R0 = 1.2, b) R0 = 3 and c)
R0 = 10. The lower panel of each graph displays the corresponding
prevalence-time curve. The initial conditions of the SIR model were
S0 = 9900, I0 = 100, with N = 10, 000 and � was taken equal to
one, so � = R0.

observation window that covers the duration of the outbreak. The second approach
considers sampling at a fixed frequency but over observation windows of di↵ering
durations. The third approach examines increasing the sampling frequency within
specified sub-intervals of a fixed observation window.

In the first sampling method we alter the frequency at which observations are
taken while keeping the observation window fixed. In other words, we increase n
while fixing t0 = 0 and tn = tend. For incidence data, increasing the observation
frequency—i.e., reducing the period over which each observation is made—has the
important e↵ect of reducing the values of the observed data and the corresponding
model values. Under relative observational error (⇠ = 1) there is a corresponding
change in the error variance, keeping a constant signal to noise ratio. If ⇠ < 1,
increasing n decreases the signal to noise ratio of the data.

Adding additional data points in this way increases the accuracy of parameter
estimates, with standard errors eventually decreasing as n�1/2 (Figure 4, in which
prevalence data is used), in accordance with the asymptotic theory [39]. This is
still the case for incidence data even when ⇠ < 1 where the signal to noise ratio
decreases in n. We point out that changing the sampling frequency will typically
not be an option in epidemiological settings because data will be collected at some
fixed frequency, such as once each day or week, although, conceivably, a weekly
sampling frequency could be replaced by daily sampling.

The two sensitivity curves are almost mirror images 

of each other…

Increasing b by a small amount has more or less the 

exact opposite effect on I(t) as does increasing g by 

that small amount…

…so we can get an almost identical model fit if we 

increase b and g by the same amount, making it 

difficult to estimate the two separately



If we were to look at the sum of squares function for this situation:

Notice elliptical-shaped contours
near the minimum point: 
SS varies rapidly parallel to the minor axis
SS varies slowly parallel to the major axis,

It’s easy to locate the minimum point in one direction, difficult in the other 
In this case, we can easily estimate the ratio of b/g, but it’s more difficult to 
estimate their separate values

This is linked to the notion of identifiability : whether one can separately estimate 
different parameters of the model
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Figure 2. Contours of the cost functional J in the (�,�)-plane
(solid curves) for R0 equal to (a) 1.2, (b) 3, and (c) 10. A Poisson
noise structure was assumed (⇠ = 1/2), with �2

0 = 1 and n = 50
data points. Parameter values and initial conditions used were
� = R0, � = 1, N = 10, 000, S0 = 9900, and I0 = 100. Contours
are at heights 1000, 2500, 5000, 7500, 10000, 25000, 50000, 75000
and 100000. For clarity, not all contours are labeled with their
height.

As seen in Table 1, estimates of � and � have relatively large uncertainties when
R0 is small. It would, for instance, be di�cult to accurately estimate the average
duration of infection, 1/�, for an infection such as seasonal influenza—which is
typically found to have R0 about 1.3 (ranging from 0.9 to 2.1) [14]—using the least
squares approach. Importantly, however, the estimate of R0 has a much lower
variation (as measured by the CV) than the estimates of � and �. The strong
positive correlation between the estimates of � and � reduces the variance of the
R0 estimate, as can be seen in Equation (18), and reflecting the earlier observation
concerning the orientation of the contours of the cost functional along lines of the
form � = R0�.

6. Results: Sampling schemes and uncertainty of estimates. Biological
data is often di�cult or costly to collect, so it is desirable to collect data in such a
way to maximize its informativeness. Consequently it is important to understand
how parameter estimation depends on the number of sampled data points and the
times at which the data are collected. This information can then be used to guide

Correlations between parameter estimates



Diagnostic Plots

Statistical model assumed that errors (residuals) were independent and 
identically distributed
Check this by plotting residuals, both against time and against predicted value

You do not want to see clear patterns in these plots

e.g. two plots of residuals vs time from Cintron-Arias et al. (2009):

Clear temporal pattern in residuals/time plot in (a) suggests systematic problem 
with the model fit, e.g. model mis-specification
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Figure 7. Residuals plots from OLS estimation applied to the
SEIR-generated synthetic data set. (a) Residuals versus time for
the SIR-based estimation. (b) Residuals versus time for the SEIR-
based estimation.
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Fig. 7 Modified residual vs. model plots: Original and truncated logistic curve for θ̂ cv
GLS with k = 5

Diagnostic Plots

Plots of residuals vs model prediction should not show a pattern

e.g. from Banks et al. 2009

In first panel, magnitude of observation errors clearly increases with model 
prediction (or size of observation), violating the assumptions of the statistical 
model

In such cases, we should use weighted least squares (see, e.g., Banks et al. 2009)
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Comparing Fits of Different Models

Could fit an SEIR model to our outbreak data

involves one additional parameter

Which would fit better: SIR or SEIR model?

SIR model is special case (s®∞) of the SEIR model, so SEIR model is 

guaranteed to be able to fit better 

In general, more flexible models (more parameters) are able to better fit a given 

dataset… but can be prone to overfitting data

[e.g. if you have n points on an x-y plot, can find an n-1 degree polynomial that 

goes exactly through all points]

“With four parameters I can fit an elephant, and with five I can make him 

wiggle his trunk” (attributed to John von Neumann)

Information criteria (e.g. Akaike Information Criterion, AIC) balance goodness of fit 

vs model complexity, penalizing models with more fitted parameters

Should have many more data points than parameters to be fitted!  



Limitations of the least-squares approach

Important point: the statistical model used here assumes that observation noise is 
the only source of error

In reality:

1. The disease process is stochastic. This uncertainty will propagate through the 
process, potentially increasing over time

There are approaches that can account for “process noise” 
(e.g particle filter)

2. Model mis-specification. Unlikely that we have exactly the right model. 

???

Diagnostic plots would likely indicate issues…



A Final Point

Just because a model provides a “good” fit to data does not mean that the model 
correctly characterizes the processes governing a system

a model can fit, but for the wrong reasons
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